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1 Introduction

This report aims to outline i) the mathematical formulation chosen to simulate hydraulic stimulation of a
naturally fractured rock mass and ii) its numerical implementation. We assume from the onset that the
rock matrix can be approximated by an elastic behavior and that all the inelastic deformations are localized
along fractures. The model aims at simulating the shear an opening failure of pre-existing discontinuities
in a material having uniform elastic properties. In this contribution, we will restrict to the case of an
"impermeable" rock matrix over the time-scales of injection such that all the fluid flow occurs within the
fractures - a limit often encountered in practical applications. This choice allows us to highly more explicitely
some of the important features of the fluid-driven problem.

Notation

We use a Cartesian frame throughout defined by the basis vector e;, i = 1,2, 3. We denote * = x;e;
(y = yie; ) as the coordinates vector. For convenience, we either use indices notation (with the usual
summation convention over repeated indices), e.g. denoting o;; for the stress tensor, or bold-face for tensor
and vectors. Similarly, either subscripts comma, e.g. f; = 0f/0x;, or operator, Vf = Jf/Ox;e;, notation
are used for spatial derivatives. The use being clear depending on the context. We refer to time as ¢ and

0 .
write the time-derivative of f explicitely as a—{ or alternatively as f for short.

2 Problem formulation

Accounting for an initial stress state o7; in equilibrium with gravity and far-field tectonic loads, the quasi-

static balance of momentum of the rock mass can be re-written as follows (in the absence of additional body
forces):

oijj— 00, =0 in Q (1)

T,‘ = 04N = ng on FTi (2)
u; = ud on Iy, (3)

T, Nl =0 T, UTp =T (4)

where I' denotes the overall boundaries of the domain, I',, and I'7, are the non-intersecting parts of the solid
boundary where the displacement, respectively the tractions are imposed. We will distinguish between the
pre-existing fracture(s) boundaries I'y in the inner part of the domain and the outer domain boundaries I'sn
(which possibly extend to infinity), such that I' = T'y UTsq. T; = o0;;n; denotes the traction acting on a
facet of normal n;.

We focus on problems driven by fluid injection at a specific location either under a given volumetric
flow rate or controlled in terms of fluid over-pressure (above the hydrostatic). The associated pore-fluid
pressurization will trigger ruptures on pre-existing discontinuities - either via shear failure or/and tensile
failure of these discontinuities.

2.1 Behavior of the rock matrix

We assume that all the non-linearities will occur on the pre-existing discontinuities while the rock matrix
behaves linearly (with its pore-space saturated with fluid). The constitutive relation (including pre-stress
and initial pore-pressure) for a linearly isotropic porous solid matrix can be written in terms of stress (o;;) -
strain (e;;), pore-pressure (p) and porosity (¢) changes as [Coussy, 2004]:

2Gv
Oij — O'z(?j = 2G€ij + mekkélj — Oé(p _ po)aij (5)
0
(p:(b—qﬁO:OéEkk;—f—pr (6)

where G and v are the drained shear modulus and Poisson’s ratio of the porous solid, « is the Biot’s coefficient
and N the intrinsic Biot modulus. The superscript © denotes the value in the initial reference state. The

Geo-Energy Lab - EPFL 2



EMOD Report - Solver formulation November 2, 2024

Figure 1: Definition of the local cartesian frame along a discontinuity (s1, s2,n), traction and displacement
discontinuity vectors.

fluid mass per unit of volume of porous media my = py¢ can change due to porosity and fluid density
variations. Defining the variation of fluid content as { = (my — m‘}) / p§, for a fluid compressibility Sy, linear
poroelasticity entails the following constitutive relation:

C= s —m)/p} = (6~ 6°) + 560~ p°) = ace + L2 (7)

where the inverse of the Biot’s modulus 1/M is the sum of the pore mechanical (1/N) and fluid (¢°8y)
compressibilities. The conservation of pore-fluid mass per unit of volume of porous media m reduces to first
order for a compressible fluid to the following volume continuity equation (see e.g.Rice and Cleary [1976],
Detournay and Cheng [1993], Coussy [2004]):

1 6mf
EW‘FQMZ’Y (8)

where v is a source term and g; is the fluid discharge vector given by Darcy’s law (Darcy’s velocity):

g = _E (i — Prgi) 9)
22
where k, 11, and py denote the intrinsic permeability of the porous solid, fluid viscosity, and density respec-
tively. g; is the Earth’s gravity vector.

We solely focus our discussion on the limiting case where the rock matrix can be considered impermeable at
the scale of the duration of the fluid injection. This limit is commonly encountered in practical engineering
applications, as fractures typically have a permeability much larger than the rock matrix. In this limit,
matrix poroelasticity reduces to an elastic problem with undrained properties, i.e. the bulk elastic moduli
K is simply replaced by K + a?M (as the variation of fluid content is null in the rock matrix, such that (7)
reduces to (p — p,) = —Maegi. The restriction to the case of an impermeable matrix allows to focus on
the important aspects associated with non-linearities of fluid flow in the discontinuities and the associated
numerical difficulties. It also stems from the fact that the semi-analytical solutions for fluid-driven ruptures
that have been derived in recent years are restricted to such a case of an impermeable rock matrix. For
tensile rupture (hydraulic fractures), some existing solutions account in a simplified manner fracture-matrix
fluid exchange via early-time approximation (via the so-called Carter’s leak-off model for example). In the
remaining of this paper, the matrix is assumed impermeable/elastic for simplicity, with elastic properties G
and v.
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2.2 Hydro-mechanical behavior of discontinuities: fractures & faults

Recognizing that the rock joints, fractures as well as faults can be considered at the macroscopic scale of
interest as pre-existing discontinuities. We model them at macroscopic scale as zero thickness interface but
recognize at the microscopic scale their non-zero thickness w notably to in relation to fluid flow. We use
interchangeably the term interfaces, fracture, faults or discontinuity throughout.

For a discontinuity with a local normal n, we define locally at any point along the discontinuity, an
orthonormal Cartesian frame defined by the unit vectors (see Fig.1) (81, 82,1) where s; and sy define a 2D
frame in-plane of the interface (locally tangent to the interface). We thus write the traction and displacement
discontinuity vectors in this local frame as

T=Ts8 +Ts50+T,n

u=u"

— U = Ug 81+ U, So + UM
where the n and s subscript therfore corresponds to the normal and shear components.
In view of their slenderness, fractures and faults are self-equilibrated, such that the action-reaction law
apply (the traction vector vector is continuous across the discontinuity):
T+ T, :(a;;—ai;)n;r =0 (10)

where the positive and negative superscript denote the relative sides of the interface (see Fig.1).

2.2.1 Fluid flow

The main difference between a bare fracture and a fault resides in the presence of gouge materials in the latter
(see Fig. 2). We model a fault as an interface where slip is localized in a principal slip zone, but where fluid
flow takes place over a zone of larger thickness. Bare fractures on the other hand, although having asperities
at micro-scale, hold fluid flow strictly within the displacement discontinuity locus. Of course, a wide range
of configurations exist between these two limits. A similar modeling framework holds for both cases pending
the use of adequate models for the evolution of permeability, and proper constitutive parameters.

Denoting w as the thickness of the interface over which fluid flow occurs, the width integrated fluid mass
balance (8) reads:

1 Qwmy

o + V) - (wg) +qf +q7 =wy (11)
k
9W="7 (Zip=rs9)) (12)

where the subscript || restricts the component of vectors and differential operators to the coordinates in
the fracture mid-plane. More precisely, the along the fracture fluid discharge g|| corresponds to the width-
averaged Darcy’s fluid velocity. For quiescent initial conditions (g (¢t = 0) = 0), the initial pore-pressure

p° is hydrostatic such that V| p® = prg), such that Darcy’s law can be re-expressed as function of the
over-pressure above hydro-static p — p°: q| = _%VH (p —p°).

The leak-off velocities from the upper qj: and ¢ account for fluid exchange with the rock matrix. It can
be accounted for by directly coupling the interface and matrix flow explicitly [Berre et al., 2019] or in the
view of the short time-span of fluid injection via approximate 1D diffusion models in the matrix in a direction
perpendicular to the discontinuity [Kanin et al., 2019, 2020]. In what follows, we focus on the impermeable
case, and drop the fluid exchange between the rock and the matrix for clarity.

2.2.2 A poroelasto-plastic interface law

We model faults and fracture as zero thichkness poroelastoplastic interfaces. For a pre-existing discontinuity
such as rock joints, a large number of models [Gens et al., 1990, Carol et al., 1997] introduces a split between
an elastic part of the displacement discontinuity (controlled by interface stifnesses) and a ’sliding’/ 'opening’
part activated when the traction reaches a frictional yield limit. Such a ’sliding’/ ’opening’ part of the
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w=w, +

/QC/ZL /%aaﬂ //Mp/—;/o/b\b
w> L,

Figure 2: Differences between a fracture (left) and a fault/shear zone (right) with a principal slip zone. Fluid
flow can occurs over a larger thickness than any induced dilation of the principal slip zone for a fault. On
the contrary, for a fracture, flow is mostly restricted to the locus of the displacement discontinuity.

displacement discontinuity is sometimes referred to as plastic, following the classical terminology of elasto-
plasticity, although it can be reversible via reversal of the loads. It is more accurate to refer to inelastic or
crack like displacement discontinuity for the interface. An "elasto-plastic" like formalism (also accounting
for damage) allows to properly modeled the deformation of rock joints, accounting for the important effect of
variable dilatancy via the use of a non-associated flow rule. Such formalism is very similar to cohesive zone
models (CZM) of fracture [Park and Paulino, 2011], although the interface stiffness is in reality for rock not
a mere penalty parameter but allows to properly model the non-linearity of contact closure.
We decompose the displacement discontinuity vector across the interface in an elastic u§ (reversible) and
inelastic / crack-like u part:
u; = uf +ul. (13)

The variation of porosity ¢ — ¢° = ¢ is split in a similar fashion (¢ = ¢° 4+ ¢P). The increment of plas-
tic/inelastic work of the interface (of thichkness w) is thus: dW? = T;du? +pd(w¢P). Like for all geomaterials,
the variation of plastic porosity is equal to the plastic volumetric strain as the solid constituents are plastically
incompressible in comparison to the grain re-arrangements leading to porosity changes. For an interface, this
translates to u? = wyP. We therefore obtain that the increment of plastic work is a function of the Terzaghi’s
effective tractions TV = T + pn:

dW? = (T; + pn;)dul = T/du?. (14)

All experimental observations in geomaterial (matrix and discontinuities) confirm that Terzaghi effective
stress drives inelastic deformation both for matrix and interface inelastic deformation.

Accounting for inelastic displacement discontinuity, upon integration over the width w, the poroelasto-
plastic constitutive relation of the interface can be expressed in terms of the traction T and the elastic part
of the displacement discontinuity vector u® = u — u?:

T-T°=C-(u—u?)—a(p—p°)n (15)
(up —ub)  p—p°
— P = n
ol =a— = (16)

In the previous constitutive relation, C denotes the interface stiffness matrix (in N/m) which is possibly
non-linear (as function of the Terzaghi’s effective tractions). In the local cartesian reference frame of the
interface, assuming an isotropic behavior, C is written as function of a normal K,, and shear K stiffness:

C=K;(51®81+52®s)+K,n®n (17)

For usual "filling’ materials inside the discontinuity (granular gouge or/and asperities), the porous skeleton
is much more compliant than its solid constituents such that the Biot’s coefficient of the interface reduce to
unity: @ = 1 [Detournay and Cheng, 1993, Coussy, 2004]. As a result, like for soils, the Biot’s and Terzaghi’s
effective tractions coincides (the former strictly governing the poroelastic deformation while the later drives
plastic deformation - see Coussy [2004] for discussion). In this limit, the intrinsic Biot pore compressibility
1/N is usually negligible compared to the fluid compressibility. We assume « = 1, and keep the possibility of
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non-zero pore compressibility of the filling material. It is also important to note that if the interface/fracture
fails in tension, upon full opening, the shear and normal stiffnesses of the interface vanishes as discussed in
the next subsections.

After re-arranging (13)-(16) with the previous assumptions, the constitutive relations of the poroelasto-
plastic interface can be written as:

T -T°=C-(u—uP) (18)

w o
—(p— 19
NP =7 (19)
The width integrated variation of fluid content of the interface is w(my —m$)/p$ = wp+we¢°Br(p—p°). Note
that the interface width w is the sum of an initial thickness w® and the normal displacement discontinuity:
w = w’ + u,.

The integrated fluid conservation (11) can thus be rewritten as

wY = Uy, +

7+ff+v||~(wq”)+qi+q]_:w7 (20)

with 1/M = 1/N + ¢°S; the Biot’s modulus of the porous interface.

2.2.3 Interface yield criteria, flow rule, and damage

Inelastic displacement discontinuity occur when a yield criteria written in term of the effective tractions
acting on the interface is reached. Besides effective tractions, the yield criteria may also depend on one or
more internal variables x tracking the internal state of the interface (such as the cumulated plastic shear
slip). Denoting F(T,x) the yield function, sole elastic deformation occur when F(T”,x) < 0, while the
constraint F'(T”,x) = 0 is active upon plastic yielding.

To capture with the simplest possible model, most of the mechanisms observed experimentally for rock
joints and fractures [Barton, 1976, Barton et al., 1985], we combine a Mohr-Coulomb yield surface with a
tensile cut-off and allow for the weakening of cohesion, friction and tensile strength. The combination of these
two distinct criteria notably allows to simulate the observed difference in both shear and tensile fracture of
rock joints. A non-associated plastic flow rule is used for the plastic displacement related to Mohr-Coulomb
to properly model shear-induced dilatancy and the transition to a critical state, while an associated flow rule
is used for the tensile cut-off. Other choice of constitutive models is of course possible - see Gens et al. [1990],
Carol et al. [1997], Mroz and Giambanco [1996], Stupkiewicz and Mroz [2001], Son et al. [2004], Zandarin
et al. [2013], Li et al. [2016, 2020] among others.

In the local frame of reference of the interface, it is useful to introduce the shear component of the effective
traction 7 and the principal shear direction vector §:

T=T s +T,s =78 s=-"2 |ls|=1 T-5=]|| (21)

el

§ is an unit vector indicating the principal direction of shear, of course we have n - § =0 and
T =71 +T)\n.
Similarly, we define the shear slip vector as
0 = U5 81 + Usy 82

such that the displacement discontinuity vector is u = § + u,n. We track the state of the interface with two
distinct internal variables x = (xt, xs):

1. The maximum accumulated total inelastic displacement discontinuity magnitude
xe = max([lu?(t)[))
to model the evolution of cohesion and tensile strength,
2. the maximum accumulated inelastic shear slip displacement discontinuity magnitude
Xs = max([[6”(t)])

to model the evolution of the friction and dilation coefficient of the discontinuity.

Geo-Energy Lab - EPFL 6
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Mohr-Coulomb failure
The Mohr-Coulomb yield function for an interface is given by

Foe(T',x) = 7l = f(X)T, = Clxn) =T"- 8 = f(xs)T" - n = Cxn)

Upon reaching this frictional yield limit, inelastic variation of displacement discontinuity occurs according to
a non-associated flow rule:

Fpe(T',x) <0 w=0
Fpe(T',x)=0 W =AVpG A>0

where a dot [J denotes the time-derivative. G(T”,x) is a non-associated inelastic flow potential taken here
as

G(T,x) = |IT|| + ¥(xs)T5,

where ¥ > 0 is a dilatancy coefficient which evolves as function of the internal variable controlling the
evolution of friction. The dilatancy coefficient decreases as inelastic slip accumulates such that the interface
eventually reaches a criticial state where no inelastic dilation occur, i.e. lim, _,o % = 0.

The inequality related to the activation of the yield criteria and the inelastic deformation has the following
complementary Karush-Kuhn-Tucker condition

AFe =0

which reflect the fact that if Fi,. < 0, A = 0 no inelastic displacement discontinuity occur while if A > 0 then
the yield function must be satisfied F' = 0. The gradient of F},,. and G with respect to the effective traction
T’ are chiefly obtained as:

Vo Fpe = ”:—” +fxs)n =35+ f(x)n

VG =38+v(xs)n=N(T')
such that the non-associated Mohr-Coulomb inelastic flow rule can be re-written as:
Fre(T',x) =0 @’ =A5+¢(x)n)  A>0.

The plastic multiplier A is function of the global equilibrium and locally obtained from the condition that
during an inelastic evolution, the state of effective tractions must remain on the yield surface, in other words
when A > 0, we must have ) )

Fre=VrFy T+ VyFp.-x=0

which is referred to as the consistency condition in the theory of elasto-plasticity.

Evolution of friction, dilatancy and cohesion

The friction and dilation coefficients are taken function of the maximum accumulated inelastic shear dis-
placement discontinuity x,. The friction and dilation coefficients are assumed to vary from an initial value f,
(respectively 1,) to a residual value f, (respectively to 1, = 0 - reproducing the fact that frictional sliding
ultimately reaches a critical state without any more dilation). We write the following evolution

f(Xs) = (fp - f’f) W(Xs/dc) + fr
Y(xs) = YpW(xs/de)

with W(z) a smooth function going from 1 (at = 0) to zero (at > 1). d. is the critical slip weakening
distance scale. The simplest choice for W is a linearly decreasing function between 0 and 1.

The cohesion is taken function of the maximum total accumulated inelastic displacement discontinuity
Xt It typically decreases from a peak value ¢, to zero over a critical distance of inelastic displacement
discontinuity w.:

c(xt) = epW(xe/we).

Note that the critical opening distance w, may be different than the critical slip distance d..

Geo-Energy Lab - EPFL 7



EMOD Report - Solver formulation November 2, 2024

Tensile failure & contact
In addition to Mohr-Coulomb frictional failure with cohesion, we add a tensile cut-off to better capture the
failure of fracture in tension (notably to simulate the creation of new fractures). The yield criteria in tension
is simply expressed as:
FUT',%) =T} — oi(xa) = T' -1 — y(xn) < 0. (22)

The flow rule for such a pure tensile cut-off is
F(T',x) =0 >0 (23)

with the complementary condition F3(T”,x)|w”’| = 0. The inelastic displacement discontinuity depends on
the loading /unloading sequence from the application of the constraint F;(T”,x) = 0 in the solution of the
global equilibrium.

The evolution/degradation of the tensile strength as function of the maximum encountered ’inelastic’
displacement discontinuity y; is written similarly than for the evolution of cohesion:

or(xe = max([[u”[])) = opW(x¢/we)

with W a linearly decreasing function from 1 (when x;/w. = 0) to 0 at x;/w. = 1. If the yield criteria is
satisfied F; (T, x) = 0, neglecting the elasticity of the interface (rigid prior to yield case), we obtain a classical
mode I traction-separation law between normal traction and opening of cohesive zone models.

We define a damage measure of the interface as d = min(x;/we,1). Upon full damage, when the tensile
strength of the interface is now null, the elastic stiffness of the interface vanishes if the tensile failure criterion
is active. In other words,

Kp =K, =0if F(T', yn > we) =0 (24)

If the interface opens as a crack (fully damaged), upon unloading, contact will occur. We model the fact
that at micro-scale the created fracture exhibit a roughness by introducing a positive macroscopic inelastic
residual width wg. The Signorini contact conditions when the interface has a completely degraded tensile
strength therefore reads:

up —wr >0 F (T, xn > w:) <0 () —wr)F(T', xn) =0 (25)

Under pure mode I loading, the residual width wgr upon full damage, is taken as a fraction of the critical
width we: wr = aw, (with a < 1)).

We have written the contact condition as function of the inelastic part of the displacement discontinuity in
order to ensure a positive total displacement discontinuity (no overlap) under compression. This is particularly
important as the non-linearity of the interface flow properties are related to the normal component of the
displacement discontinuity. It is important to note that for a pre-existing fractures o, = 0, we must have
wr = 0 (w. = 0) in this formulation. This can be grasped by the following example. Assuming an initial
normal compressive traction as T/ = —o,, under pure tensile loading, the interface will open when the elastic
normal opening (from the initial state) is u&° = 0,/K,. For such a pre-existing fracture that opens, upon
unloading, contact starts when the total normal displacement discontinuity goes back to ug or alternatively
when the inelastic part of the normal displacement discontinuity goes to zero, therefore indicating that wr = 0
under pure mode I loading for pre-existing / fully broken / fractures.

Of course, the residual width wg also evolves with inelatic shear-induced dilation under frictional failure
due to shear loading. The evolution of the residual width wgr must therefore be written as:

t
wi = e + /0 Blxs) e dt (26)

to account for the effect of shear-induced dilation in mixed mode loading. This notably allows to model the
case where shear-induced dilation is followed by tensile opening and then closure.

Geo-Energy Lab - EPFL 8
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Effective stress dependent stiffness

The interface stiffness are only active when the interface is not yielded in tension. Notably for pre-existing /
fully broken fractures, these elastic stiffness are only active when the interface is under compression effective
stresses. Although from a modeling perspective, a constant interface stiffness is the simplest choice, rock
interface/joints exhibit a clear non-linear response upon closure [Bandis et al., 1983, Barton et al., 1985]. We
settle either for a constant value of normal and shear stiffnesses or for the well-accepted hyperbolic model
first proposed by Bandis et al. [1983] for the normal stiffness K,,. Such a phenomenological model - found
adequate for rock joints - can be written as

K, =K, <1 L, )2 (27)

kivm

where K is the stiffness upon closure (at zero effective normal traction) and vy, is a characteristic closure
distance. Note that K;v,, = X,, can be seen as a “characteristic closure” pressure: the stiffness is four times
the initial value when —T/ = X,,,. For an interface with initially some tensile strength, one can account for
the degradation of the normal stiffness due to tensile failure by decreasing the stiffness upon closure K; as
function of the interface damage d = min(x:/w., 1), taking for example K; = K, exp(—fd) or other adequate
functional forms.

A linear dependence of the tangent stiffness on the normal effective stress has also been found to be
adequate in some cases [Bandis et al., 1983, Rutqvist and Stephansson, 2003]. For uncorrelated fracture,
the closure relation is found to be logarithmic - see Bandis et al. [1983], and actually similar to well-known
behavior of the contact mechanics of rough uncorrelated surfaces [Persson, 2007], and to the well-observed
compaction relation of granular medium Mitchell et al. [2005]. In that case, the stiffness evolves linearly with
—T) [Cornet, 2015, Bandis et al., 1983]:

Kﬂ = 7ﬁ117/7,

such that the elastic variation of normal displacement discontinuity under compressive normal stress is loga-
rithmic )
T, = wToun" — un = (1/k)log |T,|/|T;7|

In comparison to the normal stiffness, the non-linearities of the shear stiffness ks are not as well charac-
terized. We settle for a constant value of K for simplicity. This has notably the advantage of simplifying
the solution of the interface constitutive relation via the classical elastic-predictor plastic corrector scheme
of elastoplasticity (see appendix A for details).

Selection of the failure mode and solution
When the yield criteria for both failure modes are reached, we select an unique active mode of failure based
on a continuous function first proposed in [Itasca Consulting Group, 2010] as:

WT', x) = 7]l = (clxn) = f(xs)ot(xn) + a()(T5, = 01(xa))

with a(x) = /14 f(xs)? — f(xs). If h > 0, shear failure is selected, otherwise tensile failure. The function
h separates the domain where shear and tensile failure is active - see Fig. ?77.

The rate of change of effective tractions as function of the rate of change of the total displacement
discontinuity of the interface is the solution of the previously described path-dependent non-linear elasto-
plastic relations. The details of the integration of the interface consistitutive description chosen here are
given in appendix A. Such a local interface relation along the pre-existing discontinuities, must of course be
solved in conjunction with the global quasi-static elastic equilibrium of the whole fractured medium and the
fluid-flow along the discontinuities as discussed in section 2.2.

2.2.4 Evolution of the interface permeability

In the formalism of coupled hydro-mechanics, for the case of closed fractures/joints (under compressive
effective stress), the evolution of permeability are sometimes expressed in terms of the current effective
normal traction in a similar way than for granular soils [Rice, 1992, ?]. This is however no longer the case
when the fractures become open - for which the effective normal traction becomes zero. It is more convenient

Geo-Energy Lab - EPFL 9
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to express the variation of permeability as function of the variation of the interface aperture, or the variation
of inelastic interface porosity (the two being equal in our formalism). More specifically, it is the change in
interface conductivity kw that governs the resistance to flow in the interface as described by eqs.(11)-(12).

Flow in bare fracture: modified cubic law

For mechanically open fractures, the normal displacement discontinuity is larger than the initial width
of the interface w,: w = w, + u, ~ u, as u, > w,. In that case, Poiseuille law directly provides the
corresponding hydraulic transmissibility as kw = u3 /12.

The formalism of the cubic law is also used for mechanically closed fractures (under compressive effective
normal traction) [Witherspoon et al., 1980]. However, it is generalized by introducing a finite hydraulic width
w, = f(w,) in addition to the mechanical aperture. This allows to capture the deviation from the cubic law
at large compressive loads for which the mechanical aperture reduces to zero. The cubic law is thus written
as function of the “hydraulic aperture” w = w, + u, to account for the fact that if initially closed, under
significant compressive stress, the interface have a remaining permeability. We write

2
wh(uy) = W w = wo + (28)
where u,, is the normal component of the displacement discontinuity. In the reference configuration / initial
state, it is necessarily equal to zero. This corresponds to the initial state for which the hydraulic trans-
missibility of the interface is wow?2/12. The initial hydraulic width w, may possibly be different than the
initial interface thickness w,, although for bare fracture we settle for w, = w,. A model that reproduces well
experimental data for the flow in fractures under compression can be written as a

i (un x (1 +O’w/un)73/2 +wo>3 (29)

wk(uy,) = 15

where o, is akin to a roughness scale that governs the transition between a constant hydraulic transmissibility
at small mechanical apertures to the classical cubic law at large mechanical apertures. All the simulations
reported in this paper assumes o,, = 0 for simplicity.

Flow in fault/shear-zone

For the case of a thicker / mature fault zone, flow occurs within a unit containing a principal slip zone
(see Fig.). It differs from the previouss case of a bare fracture. In a simple model, the flow across the entire
thickness of the fault zone can be obtained by summing the flow within the group and the zone of localized
displacement discontinuity (the principal slip zone). The overall hydraulic transmissivity of the "interface"
can be written as:

kw = k¢ (Trlz)wo + kps- (un)un (30)

where k¢ is the permeability of the fault zone (which may be non-linear dependent on the effective normal
stress), and ks, is the permeability associated with the displacement discontinuity associated with the
principal slip zone. For the latter, one can use the cubic law ks, (1, )u, = u2 /12 for simplicity. The interface
conductivity (with respect to the initial value) for bare fractures and a shear zone thus evolves in (1+u,, /w,)>
and 1+ (u,/(kyw,)'/3)? respectively (for a constant permeability for the fault zone).

3 Numerical scheme

We describe a fully-coupled implicit scheme for the solution of the time-dependent problem of fluid flow
along the fractures/faults combined with the balance of linear momentum of the medium accounting for the
non-linear constitutive relations of the fractures/faults previously described.

3.1 Solid mechanics

Recognizing that all the non-linearites lies on the interface/fractures, we use a collocation boundary ele-
ment method for the discretization of the balance of momentum for the linearly elastic rock domain. In
particular, we use a displacement discontinuity method and the traction hyper-singular boundary integral
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equation for linear isotropic quasi-static elasticity [Crouch and Starfield, 1983, Hills et al., 1996, Bonnet,
1999, Mogilevskaya, 2014]. The traction hypersingular boundary integral equation can be written as:

Ti(z.) = T (w.) = lim [ [Ti(y,z) (Ta(y) — T7(y)) — Hi (%, y)ua(y)] dS,

ToTL P

~ lm [ HI(x,y)ua(y) dS, (31)

THT Iy

where the fundamental elastic kernels appearing in this boundary integral equation are:

o T¢(x,y) = Si;(z,y)n; the traction vector on a surface of normal n at y due to a unit point force in
direction e, located at x (S}; denotes the corresponding stress field),

o HY(y,x)=n; (X)cijle§b7l(y,x)nb(y) corresponds to the traction vector on a surface at @ due to a dislo-
cation dipole of normal n(y) and unit intensity located at y. It is hyper-singular.

The boundary element method is particularly attractive to simulate injection at depth for which the
domain of interest can be considered as infinite. In that case, the first integral in 31 as the outer boundary of
the solid I" goes to infinity. The problem reduces to a simple boundary integral equation between the traction
and displacement discontinuity vector along the discontinuities. We discretize the different fractures / faults
and assume a piece-wise constant approximation of the displacement discontinuity over a given element, and
collocate the boundary integral equation at the centroid of each element in the mesh [Crouch and Starfield,
1983, Hills et al., 1996]. This choice simplify the treatment of the hyper-singular kernel. Notably, the integrals
are evaluated before the limit is taken and as such remain regular. In particular, we use analytical integration
of these integral as presented in Hills et al. [1996], Fata [2011], Nikolskiy et al. [2015] among many others. In
what follow, we model either 2D plane-strain, axisymmetric or fully 3D configurations - using respectively
segment and triangular surface elements for which these integrals are available analytically.

Rice [1993] introduced the concept of a quasi-dynamics boundary-integral equation and its use to model
the faults by retaining only a local mass inertial term (associated with p i) to capture in a simple form wave
radiation during fast interface rupture. It can be obtained from the formulation of the full elastodynamics
ou(x,t)

ot
Gles 0 0

n=g 0 GJ/es O
0 0 GJep

boundary integral equation. In fine, a local term 7 - is substracted to the quasi-static boundary

integral operator, with

where ¢, = ,/% and ¢, = ,/K%/B’G are the shear and compressional elastic waves speed of the material. It

is important to note that such a quasi-dynamic term is active only at very large slip/opening rate, essentially
only when an instability occurs in association to the weakening of the interface properties. It has merely no
effects otherwise.

Final system Using a collocation displacement discontinuity method, the hypersingular boundary integral
equations accounting for a quasi-dynamic term reduces to a dense linear system

du(t)

T(t) -~ T°(t) = B u(t) - n 5

(32)
where T is the vector of tractions at all collocation points in the mesh which evolves with time in response
to fluid injection, T the vector of tractions at all collocation points due to far-field /initial in-situ stress (also
possibly be time-dependent), and u the vector of all displacement discontinuities at all collocation points at
time ¢t. 7 is a diagonal matrix containing the components of the quasi-dynamics term for each collocation
point.

In our implementation, the final elasto-static system (32) is written at all collocation points in the local
Cartesian coordinate system e; = s1, e = S9,e3 = n of each element. Such a choice reduces the computa-
tional burden as the constitutive relation of the interface is naturally expressed in such a coordinate system
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(see section 2.2. The global vector of displacement discontinuity is thus ordered as

=

where N, denotes the total number of collocation points in the mesh which is equal to the number of elements.

The global vector of tractions is ordered similarly: T = [T, T+, Tr, ..., T: [ Ti T, ..., TNe TNe TN]T
The elastic system (32) has N,, = ng x N, unknowns where n, denotes the dimension of the problem (2 or

We leverage hierarchical matrix algorithms to significantly speed up the solution of the dense linear
system associated with the boundary element method while lowering the mmemory requirements. We refer
to Hackbusch [2015] for details on the theory and alogrithms for hierarchical matrices. Our implementation
follow closely the algorithm described in Chaillat et al. [2017]. The use of hierarchical matrix allows to lower
the computation cost of the dot product E - u from O(n?) to O(nlogn) (as well as the memory requirement
for the elastic operator). This is computationally attractive in conjunction with the use of an iterative solver
for the solution of the jacobian system of the complete non-linear hydromechanical system as we discuss later
on.

Introducing the effective tractions Before discussing the discretization of the fluid-flow inside the
discontinuities, we rewrite the boundary element system discretizing the solid balance of momentum by
adding and substracting the fluid pore pressure which acts on the normal direction to each element. We
rewrite the previous equilibrium equation introducing Terzaghi’s effective tractions TV = T + pn. Because
the pore pressure acts only in the local normal direction, the vector of effective tractions at the collocation
poiints in the local frame of the boundary element is obtained as

T/:T+Hn'pcol

where p.,; is a vector of size N, containing the pore-pressure at the location of the collocation points and I,
is a matrix of size (ng X N.) X (IV.), ensuring that pore-pressure acts only on the normal component of the
local traction, i.e.

00 0
1000 - 000
0000 0 0

L _|0o0o00 00

"0 100 - 000 :

Adding and substracting pore-pressure in the normal direction of each element, the time-derivative of the
discretized elastostatic equilibrium (32) reduces to:

T‘/_j“):IE:'il"'_Hn'pcol_ni.l (33)

where a dot denotes a time-derivative. In the previous equation, p..,; is the rate of pore-pressure at the
collocation points.
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3.1.1 Elasto-plastic solver

Assuming for a moment that the rate of change of pore-pressure at the collocation points p., is known,
we discuss the solution of the elastic system in combination with an elastoplastic interface law relating
the interface effective tractions and the total displacement discontinuity. Such a non-linear system, when
discretized is akin to a system of differential algebraic equations with inequality constraints.

We solve in a time-stepping manner from a known solution at time t™ to ¢t + At using a classical implicit
integration scheme [Simo and Hughes, 1998, de Souza Neto et al., 2011]. Introducing the increment of total
displacement discontinuity, effective tractions and internal variables:

n+1

n

Au=u
AT/ — T/n+1 _ T/n

n

—u

Ax =x"" - x

we write the residuals of the mechanical problem in rate form (33) taking the increment of total displacement
discontinuity Au as the primary unknowns:

m(Au) = AT — AT (Au, X", T™) +E- Au+1,, - Ap — n (Au— Au™) /At. (34)

In this mechanical residual, we have highlighted the dependence of the increment of the interfaces effective

tractions vector on the increment of displacement discontinuities Au, internal variables x™*! and effective

tractions at time ¢". We use a Newton-Raphson scheme to find the root of such a non-linear system of

equations combined with an elastic predictor-corrector step to integrate locally the interface elasto-plastic

law AT'(Au, x™ 1, T’ t) |[de Souza Neto et al., 2011]. The solution of the local interface constitutive relation

previously described for a given increment of total displacement discontinuity Au is detailed in appendix ?7.
At iteration k, the Newton-Raphson step reads (with & = Au)

Iméx® = —r,, (2"71)
k= 2F 1 1 aksak
where o = 1 for a Newton step. Note that we use an inexact line-search in order to obtain o* ensuring
a good descent [Dennis Jr and Schnabel, 1996, Nocedal, J. and Wright, S. J., 2002]. The Jacobian of the

mechanics equation J,, is

Jy =E—C? (35)
where AT
ep _
C? = IAu (36)

contains the consistent tangent operator of the interface elasto-plastic law at all collocation points. It is
therefore a block sparse matrix. We combine a convergence criteria on both the residual and on the sequence
of ¥, Similarly than for the solution of elastoplastic initial boundary value problems, the use of the exact
expression of the consistent tangent operator is crucial to achieve robust convergence.

3.2 Fluid-flow in the discontinuities

We discretize the fluid volume balance (20) and Darcy’s law (12) along the fractures/faults using a Galerkin
finite element method using linear shape function for the pore-pressure. This choice notably allows to
naturally handle fractures intersection as the fluid pressure will necessarily be continuous between elements.
The weak form of equations (20)-(12) for an impermeable matrix is given by:

where v is a scalar test function with the same regularity than the pore pressure field. We have imposed
zero fluid flux at the outer perimeter of the fractures, and assumed a quiescent initial state with an initially
hydrostatic pore-pressure p°.
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The fracture mid-plane is discretized with finite elements (segments in 2D, triangle in 3D) with linear
shape functions for simplicity. The pressure unknowns are thus at the vertex of the mesh. As the dis-
placement discontinuity are discretized with a piece-wise discontinuous interpolation, u,, is constant over the
element. Moreover, the interface permeability is possibly non-linear as function of the normal displacement
discontinuity u,, and as such is assumed constant over the element. After finite element discretization and
assembly, we obtain the following system of ordinary differential equations:

Vei+Su)-p+Lw) - (p—-p°) = fy (38)

where we have highlighted the possible dependence of the interfaces permeabilityand storage coefficient on
the displacement discontinuity. These different finite element matrices at the element level for an element I',
with n,, nodes are given by:

Ve:/ NT.1¢ dS
Fe

w
‘= —N"-N
S /rM ds

e

Le = / wlun)Mun) G N7 G as
r

.
f;:/ ds
7= )

where N and VN are the matrices of shape functions and their spatial derivatives [Zienkiewicz et al., 2005].
Ien, is a n, X ng sparse matrix (where ng is the problem dimension) such that only the effect of the normal
displacement is taken into account: (I¢);3 = 1, zero otherwise. The global finite element matrices for the
whole mesh are obtained by classical assembly. We write these global matrices without the superscript e.

Like for the mechanical problem, we use an implicit time-integration scheme (backward Euler) to obtain
the solution at ¢"*1 = ¢" 4+ At. The residual flow vector for equation (38) is given by:

ri(Ap, Au) = V- Au+ (St) + AtL(u"t)) - Ap + AtL(u" ™) - (p" — p°) — Atfy (39)

Note that in the case of constant permeability and storage, when the volume change of the interface is
negligible, the flow problem uncouples from mechanics and becomes linear for the pressure increment.

3.3 A fully-coupled hydro-mechanical solver

In the scope of an implicit time-stepping scheme, the mechanics and flow residuals are given by eqs (34)-
(39). Taking the increment of displacement discontinuity and pressure as main unknwons during the step,
we obtain

T (Au, Ap) = E- Au— AT (Au,Ax) + N, - Ap+ AT® — n(Au— Au™) /At
ri(Au,Ap) = V- Au+ (S(Au) + AtL(Au)) - Ap + AtL(Au) - p™ — At fy

where the only difference lie in the appearance of matrix N, in the mechanical residuals due to the fact that
the pore-pressure are unknowns at the nodes while the mechanical equations are written at the collocation
points of the boundary element method. This matrix N, is highly sparse and as before acts only on the
local normal boundary integral equation. For piece-wise constant displacement discontinuity element, the
collocation point is located at the centroid of the element. As a result the non-zero entries of N, are chiefly
obtained. In fact, using an iterative solver for the solution of the tangent linear system, we do not even need
to build this matrix (similarly for V).

We find the root of r = II._m via a Newton-Raphson scheme - where the unknowns are X = [ 2; ] .

At iteration k of this Newton-raphson scheme, we aim at:

r(XF) = ¢(X*) + (Vxr(X*¥)) - 6X* = 0.
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Using a line-search, we write the update as
XFH = XF 4 afoXk
where §X* is the descent direction, solution of the linearized system
r(XF) 4+ (Vxr(X¥)) - 6X*F =0

i.e. the tangent system:
(Vxr(XF)) - 6XF = —r(X")

We use an inexact wolfe line-search (to ensure that r*+1 < r* + ...) as discussed in [Nocedal, J. and Wright,
S. J., 2002, Dennis Jr and Schnabel, 1996]. We of course first try the Newton step a* = 1.

3.3.1 Solution of the Jacobian system

Using the notation of the previus sections, the Jacobian matrix of the coupled hydro-mechanical system has
a block structure given by

Var(XF) — E—C* N,
xr(X5) =1y + (VauS + AtVa,L) - Ap* S+ AtL 4 At (Va,L) - ApF
where At (Va,L)- Ap* and (VauS + AtV L) - Ap" are consistent tangent operator for the flow problems,
while C* is the elasto-plastic consistent tangent operator of the interface given by eq.(36).
The block of the Jacobian corresponding to the flow parts are obtained via differentiation of the corre-
sponding part of the residual at the element level. Notably

vAuS : Ap

at the element level, for piece-wise constant displacement discontinuity element, ends up being a diagonal
matrix (separating the terms coming from u,,/M (i.e with a potential non-linearity of M):

1 1
(/ NTNdS> - Ape + we (/ NTB( /M)Nd5> - Ape
T, M e

uT 3

where w, = w, + U, is the current thickness of element e. Similarly

VAu]L . Ap
is at the element level Lo "
(/ LB GNT . yN dS) - Ape.
r. 1°%3 3Aun

We can schematically rewrite the Jacobian matrix in 4 separate blocks, and write the system as:
A Ap X1 _ b
Az Ay X2 bo

A =E-C? A;p=N,
Ao =V + (VauS + AtV L) - Ap”
Az =S + AtL 4 At (Va,L) - ApF

with

we note that the flow blocks need to be updated at every iteration of the Newton-Raphson (as L, S etc.)
depends on opening (and possibly pressure).

In order to benefit from the hierarchical representation of the collocation boundary element matrix, we
solve this Jacobian system of equations via an iterative method using a triangular pre-conditioner.
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We use an upper block triangular pre-conditioner,

Al A
P“p:{ o S

where S is an approximation of the Schur complement and A an approximation of Ay for which we can
"cheaply" compute an inverse . We then transform the original system

S=Ayp Ay Al A

A-x=b
into
(AP;}}) u=Db, and P,,x = u,
where B
p-1_ AL —AARST!
P 0 St

The above system of equations is first solved for u by solving (AP;pl) u = b using robust iterative solvers
like GMRES. The application of the preconditioner in the above computation is akin to solving P,z =y,
which we can rewrite as

2 =Sy,
Az =y — Aoz

We therefore see that at each iteration of the iterative tangent solver, we need to solve a mechanical system.
Unfortunately, using an approximation for Aj; at the pre-conditioner level (for example a diagonal or an
ILU decomposition of the near-diagonal term) is not robust when fracture opening occurs. We solve the
A1 system using an iterative method such as BICGSTAB with a Jacobi pre-conditioner. We approximate
the inverse of the approximated Schur complement with an ILU-T decomposition [Li, 2005]. Once we have
calculated u using the above, we compute x by solving the P,,x = u which mimics the same steps as
applying the preconditioner as explained above.

3.4 Adaptive time-stepping

Adaptive time-stepping for a system of ODEs requires an estimation of the local truncation error (LTE).
This is not directly available for a fully implicit scheme. One can estimate such an LTE in a crude way
by comparing a simple “explicit” prediction from the time-derivative estimated at the previous step and the
solution of the non-linear implicit step (see Sheng et al. [2002], Diersch [2013] for details). Denoting X™ and
X™ the solution and rate at time tn, and similarly X™ and X" at t, =t, 1 + At, . A first-order explicit
extrapolation provides

X=X, 1+ Atnxn—l

and a second-order accurate one
. 1
X, =X, 1 +At, X1 + 5AtiA

where the acceleration can be estimated as

o Xn - anl

A At,

The LTE is estimated as time ¢,,41 as the norm of the difference between the first order and second order
estimate [Kavetski et al., 2002]:

Aty
2

LTE(t,) ~ ep X — X1

It is worth recalling that the implicit scheme previously discussed solve for AX, in other word for the rate
of change of the solution at ,,11.
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More specifically, to ensure a better scaling, we estimate one LTE for pressure and one for displacement
discontinuity and scale it with the norm of the current solution:

Aty,
2

o on n Atn n mn n
B =5 1™ e (d) = Dot - d

eny1(P) = =9

and takes the maximum of these two estimates to adapt the time step.
With such an LTE in hand, we use a PI controller as described in Soéderlind [2002], S6derlind and Wang
[2006] to adapt the time-step size for the subsequent step. Denoting At, 11, this new time-step size,

Atpt = Aty x <6TOL)3/5/1><( en >1/5/1
mr " €nt1 €Tor

In addition, one can enforce a minimum time-step size, and enforce a maximum factor M such that at most
At,41 = MAt,. To ensure e, 1 # 0, we add the square root of machine precision to the estimate of e, 41.
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A Integration of the interface law

Note: For clarity, in that section, we drop the ’ from T, and use T - tractions implicitely refer to the effective
tractions T".
The integration of the constitutive relation at the local level is performed for a given increment of dis-
placement discontinuity
Au

in a fully implicit way. Such increment of displacement discontinuity is obtained from the iterative solution
of the global momentum balance which is solved iteratively using a Newton-Raphson algorithm.

The algorithm marches in time from ¢™ to t" 4+ At. For a given Ad, we seek the corresponding tractions,
plastic/elastic DDs split and new internal variables at the end of the load step at t"*! . We thus write

T =T" + AT
uthe — P + AuP

X" =x"+ Ax

In the following, we first recall the integration of the interface constitutive law when frictional failure
occurs. The case of tensile failure, the choice of the mode of failure and the treatment of the contact
condition upon interface opening are then briefly discussed.

A.1 Elastic predictor / plastic corrector scheme for a Mohr-Coulomb interface
A.1.1 Trial elastic state

First we assume a solely elastic step, often refeered to as the trial elastic state Au®* = Au - using a *
superscript, we write the trial elastic state:

" =T"4+C-Au  AT*=C-Ad
*,n—+1 _ X’n, AX* -0
AN =0

X

. Note that in the case where the interface elastic normal stiffnness K, is evolving non-linear with normal
traction, a proper non-linear integration is required to obtain the elastic trial state - which was written above
for the simple case of constant stiffnesses.

The frictional yield function is then checked.

o If F(T*"™*! x™) < 0, the step is indeed purely elastic
Au® = Au
Tn+1 _ T*,n+1

n+

X" =x"

o if F(T*"! x™) > 0, the step is elasto-plastic, and we must return the tractions back to the yield
surface, and solve for the corresponding plastic multiplier increment during the step AA.
A.1.2 Plastic correction
First, we write the flow rule in an incremental way
AW = AN X VoG = AX (8" + (A" + AN)n)

where we have used the expression of the non-associated Mohr-Coulomb plastic potential. Note that we
therefore deduce that, the plastic shear slip vector increment is:

Tn—i—l

AW = Au? 81+ Au? sy, = AXS"T! = AN BT
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We write the elastic relation as
T =T" £ AT* —C - Aw?

or similarly
AT = AT* - C - Aw?

We can now explicit the tractions at T"+!, notably the shear traction vector reads
T = L AT - KAW = 77 4+ AT — K AN

which we can further re-write as
7.n+1

n+l _ %
T =T KSA)\inTnH”

such that we can re-express the trial elastic state shear vector as
T = (HT"HH + K, AN) st

Because § = 7/||7|| is an unit vector, we thus have the relation

* n+1
T antl T

S Al

in other words, the trial elastic state directly provide the principal shear traction direction. This is always
the case as long as the shear stiffness K is constant. Note also that it implies V7§ = 0. This is due to the
circular shape of the yield function in the plane (T%,,Ts,).

Plastic correction
We detail the case for a constant normal and shear stiffness. The case of a non-linear normal stiffness K,,
(function of the normal traction) is chiefly obtained by a proper integration of the (then) non-linear elastic
law (AT = C(T,,) - Au®).
We need to enforce the yield function at the end of the step - in other words:

FmC(Tn+1’ Xn+1) =0
as well as the elastic constitutive increment
AT +C- AW =AT*"=C- - Ad AT = AT* —C - Aw?
Au? = AX (8" + (A" + AN)n)

Note again that if the normal stiffness K, is evolving non-linear with normal traction, proper integration of
the non-linear elastic law is needed (the previous equation is valid for constant stiffness). The evolution of
the hardening variables are here -

Axr=AX  Axe =AML+ (A" + AN)

We can rewrite the yield condition for the Mohr-Coulomb as function of the trial state and the increment of
plastic strain

T 8"+ FO" + ANT* = e(x" + Axe) = C- Aw? - 8"+ (A" + AN)C - AuP -

where we recall that 8" is the shear traction direction (unit vector) directly given by the shear component
of the trial elastic state T*.

Using the plastic flow rule, we obtain the following non-linear equation for the increment of the plastic
multiplier

T* 6" 4 FOA" + ANT™ - n— c(x" + Axe) = (K + Ko f(A" + ANH(A" + AN)) AN (40)
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such that the plastic multiplier is solution of

T 87 4 FOA" + ANT* - n— e(x" + AX(L + (A" + AN)))

AN = (K, + K fO + AN + AN))

which can be solved numerically by any root-finding scheme (Newton etc.) or via fixed-point iterations.
Note that for constant friction / dilatancy / cohesion, the solution is directly obtained analytically in
one-step.
T*-.§”+1—|—fT*-n—c
(K + Knf)
Once the increment of plastic multiplier is obtained, the new plastic strain, hardening variables and tractions
at the end of the step (t"™ + At) are chiefly obtained.

AN =

A.2 Consistent tangent operator

Note that the complete elasto-plastic integration algorithm can be schematically written as
AT(Auw, T, x")

In other words, it provides the new traction T" 4+ AT from a given known increment of displacement Au and
value of the hardening variable at the beginning of the step. It defines an algorithmic incremental constitutive
function
T =T 4 AT (X", u" + Au) = T(x", u" )

Within a load /time-step [t",#""1], the set of internal variables x" given as argument of T is fized. Only the
guess Ad changes during the global Newton-Raphson solution of the global balance of momentum (not x™).
The function T defines a stress/strain relation within the interval [t", "+1] equivalent to a non-linear elastic
law. The consistent tangent modulus (or operator) is defined as the derivative of this constitutive law:

_dAT _ 9AT

ep _ 2227 _ Y2
C dAu 8Au|x

the derivative of T with x™ held constant. Such an operator can either be obtained numerically by finite
difference _ 5
AT(x™, Au(l +w)) — AT(x™, Au)

wAu

C? ~

or via a consistent linearization of the previous elastic predictor / plastic corrector algorithm.

A.2.1 Consistent linearization

Linearization of the elasto-plastic law yields (for the case of constant stiffness)

OAuwP
AT =C . (dAu— A
d C (d u BAud u)
A.2.2 1In 2D
_ afrn+1
k. (1- K, K, K3f
(Cep _ 0n+1 9n+1
Ko K8 x g+l K, (K, — Tptt frmet)
9n+1 071,-&-1
with

9n+1 — Ks + cln—i—l _ T7:L+1f/n+l _|_ ann+l X wn—i—l

and § in 2D is a scalar indicating the sign of the trial shear traction:

T*
§= ‘1 = sign(77Y)
T

S
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A.2.3 In 3D

For constant friction/dilatancy: = Without softening (constant friction case)

[ (K 1)’ ~K2(3-51)(8-82)  K.K.(3-s1)f ]
8 0 0 0
cr— | —K2(5-51)(5-s7) K, (3-85)° KoK, (5-85) f
K, |1- —
0 0
_KnKS (§-81)¢ _KnKS (§-892)0 K, K,
L 0 0 0 .
with
0= Ks + ani/)
With weakening of friction/dilatancy
e e KHKS ('§ i 31) f
ey ch T gt
e e e e e KnKG (§ : 32) f
CP=C?= o1 = cth coh - gn+1
KoK (8-s) 9™ KuK, (8- 8yt Ky (K, —Tpt'fmih)
- 9n+1 - 0n+1 0n+1
with
2 2
LB (K@ sn) (K (T )T AN ) )
€11 = 0n+1an+1‘|7-n+1||2 (KSA)\ + ||7-n+1||)
2 2
o Ks (Ks (Tn+1 . 31) HT7L+1|| + (Ks (T7L+1 . 82) AN+ ||7.n+1H3) ,yn-i-l)
Coo = 9n+1an+1‘|.’-n+1||2 (KSA)\ + ||Tn+1||)
ep _ ep 7K§ (8-51)(58-52) ﬂn+1
Co1 = C12 = gn+ign+i
and

9n+1 — Ks _|_C/n+1 _T:LHrlfanrl +ann+1 x (¢n+1)
n+1 __ n+1 an+1
« =T -8

ﬂnJrl _ TnJrl . §n+1

,yn+1 — (Cln+1 _ T77LL+1f/n+1 + ann+1 % (wn+1))
Tn+1 A §n+1 _ ”Tn—i-lH

A.3 Tensile failure

The elastic predictor - plastic corrector scheme is strictly similar than for the case of frictional failure. If
after the estimation of the trial elastic state, tensile failure is activated, the plastic correction is obtained by
solving, the non-linear system:

Ft(T/7X) =0

Note that when the tensile strength reduces to zero, the correction is trivial: Au? = Au.
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