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Summary

In this report, we present two deliverables of project DiGriFlex aiming to “D3.1: Pre-scheduling optimi-
zation model for distribution grids under uncertainties, and its solution algorithm”, “D3.2: On-line optimi-
zation model for real-time control/scheduling of controllable resources in a distribution grid, and its so-
lution algorithm”, and "D3.3: Technical report including the validation of the above optimization models
using appropriate test bench and scenarios in a numerical environment". WP3 is focussed on i) general
formulation of the pre-scheduling optimization, ii) general formulation of the real-time optimization, and
iii) definition of the optimization requirement and typical scenarios for the validation in WP4. This report
is covering the parts i and ii (equivalent to Tasks 3.1 and 3.2) and part ii (equivalent to Tasks 3.3 and
3.4). The formulations of optimization problems of first-level (pre-scheduling) and second-level (on-line)
are given. The input and output data of both optimization problems, including the state and decision
variables, are introduced. The criteria and the constraints of distribution grid and controllable compo-
nents (battery energy storage systems (BESSs) and photovoltaic (PV) production systems) are defined.
The proper models are selected for optimization problems of both first- and second-levels. For the first-
level problem, the setup of two models of stochastic optimization and distributionally robust optimization
(setup of objective and constraints) are introduced complying with uncertainty, in accordance with out-
come of WP2. For the second-level, the objective/constraints of the problem are written. According to
the nature of mathematical formulation of both optimization problems, the solution approach is chosen.
Finally, an appropriate test bench and scenarios in a numerical environment (in Python using optimiza-
tion solver Gorubi) is developed for validation of the proposed formulation.
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1 Introduction

1.1 DiGriFlex project description

The DiGriFlex project aims at validating effective forecasting and optimal control algorithms for low-
voltage (LV) distribution grids. Two high-level objectives are formulated in the project proposal:

1. “Developing effective forecasting and optimal control methods to ensure efficient and secure
operation of distribution grids, as well as flexibility and ancillary service provision from the local
LV distribution grids to the upstream medium/high voltage grids under uncertainties”,

2. “Implementing the above forecasting and optimal control methods in a LV test grid”.

The general approach in this project is to combine two layers of optimization: in the pre-scheduling step,
an optimal point of operation for all controllable resources is identified. Then, in the real-time, the effec-
tive outputs (realized outputs) of all controllable resources can be different from the scheduled values
because of the existing uncertainties in the resources and the grid. Therefore, the on-line optimization
reduces the deviation between the scheduled and effective outputs of the resources considering the
feasibility of the resulted dispatch in the grid.

1.2 WP3 description

WP3 “Development of the rolling optimization framework including the formulation of the first-level (pre-
scheduling) and on-line optimization problems” delivers the models of optimal control for provisioning
flexibility and ancillary services from LV diction grids to the upstream grids under uncertainties. WP3
consists of four tasks:

e Task 3.1: general formulation of the pre-scheduling optimization,
e Task 3.2: general formulation of the on-line optimization,
e Task 3.3: revisiting and refinement of the optimization tools,

e Task 3.4: definition of the optimization requirement and typical scenarios (i.e., case study and
grid operation scenarios) for the validation in WP4.

The next chapter will introduce the detailed contents of each task and its association with the three
deliverables planned for this WP.

1.3 Deliverable D3.1 definition

In this deliverable “pre-scheduling optimization model for distribution grids under uncertainties, and its
solution algorithm”, the formulation of first-level (pre-scheduling) problem of an active distribution grid is
presented for providing flexibilities considering the technical constraints of the resources and the grid.
To this end, two approaches of stochastic programming and distributionally robust optimization are in-
troduced. The setup of optimization problem including the objective and the constraints is defined. Fi-
nally, the numerical validation and the interface with on-line optimization are given.
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1.4 Deliverable D3.2 definition

In this deliverable “on-line optimization model for real-time control/scheduling of controllable resources
in a distribution grid, and its solution algorithm”, the formulation of second-level (on-line) problem of an
active distribution grid is presented for reducing the deviation between the scheduled and effective out-
puts of the considered resources and obeying the commands of the upstream grid’s operator.

1.5 Deliverable D3.3 definition

The optimization tools are refined and revisited in this deliverable "technical report including the valida-
tion of the above optimization models using appropriate test bench and scenarios in a numerical envi-
ronment." WP1 and WP2 outcomes are used to update the hours-ahead and real-time formulations.
Furthermore, the revisited optimization tools are developed and validated numerically (e.g., Python and
Gorubi solver).

A number of scenarios must be generated to account for uncertainties in electricity demand and PV
power production capabilities in order to solve the ADN's stochastic optimization problem. The scenarios
chosen have a direct impact on the outcome of stochastic optimization and, consequently, the robust-
ness/optimality of the derived solution. However, in previous studies, either the scenarios were not pro-
vided or the importance of creating realistic scenarios was overlooked. Realistic scenarios must be con-
cise, that is, brief but comprehensive, in the sense that the number of scenarios must be limited while
still capturing the typical operation as well as critical circumstances.

Li et al. conducted a survey of various classes of scenario generation methods for renewable energy
systems in [13]. The traditional approach, used in [14] and [15], is based on auto-regressive integrated
moving average (ARIMA) forecasting and Monte Carlo sampling based on forecast error standard devi-
ation. As demonstrated in [16] and [17], generating a large enough number of scenarios justifies the
solution's robustness. This technique, however, is not scalable for ADNs with a large number of buses
and time-steps.

A Markov chain-based technique for generating representative scenarios to solve the proposed sto-
chastic optimization problem of ADN while taking advantage of underlying flexibilities is presented in
this report.

A Markov chain-based technique for generating representative scenarios to solve the proposed sto-
chastic optimization problem of ADN while taking advantage of underlying flexibilities is presented in
this report.

To address the shortcomings of previous studies, we present a scalable and data-driven optimization
problem for scheduling the underlying real and reactive power flexibilities of ADNs. For ADN operators,
we devised a stochastic optimization problem. Because of operational uncertainties, the proposed sto-
chastic optimization algorithm takes into account all ADN component constraints as well as secu-
rity/quality limits (i.e., lines and DERs). Variations in PV system production capability, electricity demand,
the request of the external network's operator to deploy the planned flexibilities, and the magnitude of
the PCC's voltage are all examples of operational uncertainties. We anticipate a data-driven scenario
selection strategy based on measured data for proposed stochastic optimization, resulting in lower com-
putational cost.



2 WP planning

2.1 Project plan

Based on the breakdown of activities presented in the previous chapter, the time plan of WP3 shown in
Figure 1 has been established.

ACTIVITY

COMPLETE  PERIODS
1 2 3 45 6 7 8 9 10111213 14 15 16 17 18 19 20 21 22 23 24|25|:

WP3: Optimization Framework

Task 3.1: Prescheduling

Task 3.2: Real-time optimization

{on-line) 100%

Task 3.3: Revisiting and refinement 100%

of the optimization tools °

Task 3.4: Definition of the

optimization reguirement 100% -

100%

Figure 1: Summary of WP3 time plan

2.2 Tasks description

Figure 1 shows the progress and plan of the proposed tasks in WP3. This report includes the results of
tasks 3.1 and 3.2. In the following, the detailed sub-tasks for these two tasks are listed.

Task 3.1: General formulation of the pre-scheduling optimization

Setup of the electrical model of the grid

Definition of the input data and the output optimization variables (state variables, decision vari-
ables)

Definition of the criteria and the constraints

Choice and setup of the appropriate mathematical formulation (objectives and constrains) com-
plying with uncertainty, in accordance with the outcomes of WP2

According to the mathematical formulation nature, choice of the solution approach

Setup the interface with on-line optimization

Development/Validation using appropriate test bench and scenarios in a numerical environment

Task 3.2: General formulation of the on-line optimization

Definition of the input data and the output optimization variables (state variables, decision vari-
ables)

Definition of the criteria and the constraints

Choice and setup of the appropriate mathematical formulation (objectives and constrains) com-
plying with uncertainty and real-time requirements, in accordance with the outcomes of WP2
According to the mathematical formulation nature, choice of the solution approach
Development/Validation using appropriate test bench and scenarios in a numerical environment

Task 3.3: Revisiting and refinement of the optimization tools

Update the hours ahead formulation according to WP1 and WP2 outcomes

Update the real-time formulation according to WP1 and WP2 outcomes

Development and validation of the revisited optimization tools in a numerical environment (e.g.,
Python)

Task 3.4: Definition of the optimization requirement and typical scenarios (i.e., case study and grid op-
eration scenarios) for the validation in WP4
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2.3 Notations

The main notations are defined in the following. Other symbols are defined as needed throughout the
text.

- Indices:
n Index of buses.
1 Index of PVs.
s Index of BESSs.
d Index of demands.
t Index of time-periods.
f Index of flexibility services, i.e., f € {P+,P—,0+,0—}; P+, P—,O+,0— represent

upward active power flexibility, downward active power flexibility, upward reactive
power flexibility, and downward reactive power flexibility.

w Index of scenarios of uncertain parameters.
- Sets:
N Set of buses/nodes.
N Set of connection nodes of distribution grid to the upper layer grid.
@)n Set of nodes connected to sending node # .
I Setof all PVs; |, is the set of PVs at node 7 .
S Set of all BESSs; S, is the set of BESSs at bus 7.
D Set of demands; Dn is the set of demands at node .
T Set of all time-periods in scheduling problem.
Q Set of scenarios of uncertain parameters.
[ Complex numbers set.
] Real numbers set.
- Variables:
Vmw Voltage phasor of node 7, time period ¢, and scenario @ [V].
| Vmw \ Voltage magnitude of node 7, time period ¢, and scenario @ [V].
[,m/,w Current phasor of line from node » to node n', time period ¢, and scenario @ [A].
| [nm | Current magnitude of line from node » to node 7', time period ¢, and scenario o [Al.
5mw Voltage phase angles of node 7, time period ¢, and scenario @ [rad].
Rﬁw Active power injection of node #, time period ¢, and scenario o [W].
Qmw Reactive power injection of node 7, time period ¢, and scenario o [Var].
an Active power flow of line from node » to node 7', time period ¢, and scenario @ [W].
an'ta) Reactive power flow of line from node » to node 7', time period ¢, and scenario o
[Var].

Squared voltage magnitude of node », time period ¢, and scenario w; V,,, =| me |2
[V].

ntw



Q(BESS)

St

(5C)
By

(SC)
Qnt

Squared magnitude of current flow of line from node 7 to node 7', time period ¢, and
scenario o [A].

Active power output of PV production system I for time period ¢, and scenario @ [W].

Reactive power output of PV production system I for time period ¢, and scenario @
[Var].

Active power consumption of demand d for time period ¢, and scenario o [W].
Reactive power consumption of demand d for time period ¢, and scenario o [Var].
Energy content of the BESS s in time step ¢, and scenario @ [Wh].

Power used to charge (discharge, if negative) the BESS s in time step ¢, and scenario
o [W].

Injected reactive power of the BESS s in time step ¢, and scenario @ [W].
Offered active power for injecting to the upper layer grid at connection node #n 1 "<
and time ¢ [W].

Offered reactive power for injecting to the upper layer grid at connection node

nell 7 and time ¢ [Var].

Rl(tf;T) Produced active power for injecting to the upper layer grid at connection node
nell " and time ¢ [W].

Q,ESUT ) Produced reactive power for injecting to the upper layer grid at connection node
nell 7 and time ¢ [Var].

R,Etsc’f) Offered flexibility service f for injecting to the upper layer grid at connection node
n el " and time ¢ [W or Var].

RLPIO - Deployed active/reactive power flexibility at connection node 7€ ™ and time 1,
and scenario w [W or Var].

Otl.(tPV’f ) Participation factor of PV systems [W or Var].

S(,BESS’f) Participation factor of BESSs [W or Varl].
Ots(tRT’f) Participation factor of power injections at connection point in real-time [W or Var].
- Parameters:

IN| Number of buses.

| T | Number of time-steps in scheduling optimization problem.

| Vn(mm) | Minimum voltage limit of node » [V].

|Vn(max) | Maximum voltage limit of node 7 [V].

|[,(1zlrax) Maximum current limit of line from node » to node 7' [A].

Ynn' Admittance of line from node » to node 7' [mho].

Gnn. Conductance of line from node » to node 7' [mho].

Bmf Susceptance of line from node » to node 7' [mhol.

I Series resistance of line from node » to node 7' [ohm].

X Series inductance of line from node » to node 7' [ohm].

K;ZP) Sensitivity factor O | V |/ 8Pn, [V/W]. 9/4s



(D)

,
7

soC!
SOC™

(BESS ,max)
Ss

(PV ,grid)
v

(PV ,conv)
v

E‘Vl .

MR T QS

Sensitivity factor 8‘ V; |/0Qn/ [V/Varl.

Sensitivity factor 0|1 . |/OP.. [viw].

Sensitivity factor 0 | [nn. | /aQn.. [V/Varl.

Energy content of the BESS s in time step ¢, and scenario @ [Wh].
Leakage rate of BESS s as a fraction of state of the charge [%].
Constant leakage rate of BESS s [%].

Discharge efficiency of BESS s [%].

Charge efficiency of BESS s [%)].

Minimum energy content of BESS s [Wh].

Maximum energy content of BESS s [Wh].

Power limit of the BESS s [VA].

Grid voltage from the viewpoint of PV system i [kV].

Converter voltage of PV system I [kV].

Thévenin reactance from the viewpoint of PV system i [kV].

Maximum power of PV system I based on its converter current limit [VA].

Maximum production of PV system I based on available solar irradiance at time period

¢t and scenario o [W].

Price of active power in scheduling market for time period ¢ and connection point »

[CHF/W].

Price of reactive power in scheduling market for time period ¢ and connection point »

[CHF/W].

Price of flexibility service f in scheduling for time period ¢ and connection point 7

[CHF/W or CHF/Var].

Vector and Matrices:

Vector of voltage phasors of buses.

Vector of voltage magnitudes of buses.
Vector of voltage phase angles of buses.
Vector of active power injections of buses.
Vector of reactive power injections of buses.
Network admittance matrix.

Network conductance matrix.

Network susceptance matrix.

Network resistance matrix.

Network inductance matrix.



3 Setup of the electrical model of the grid

In this project, the two-level rolling optimization framework is presented to ensure optimal (most eco-
nomic) and secure operation of an active distribution grid under uncertainties. The first-level (pre-sched-
uling optimization) deals with a time-ahead scheduling (e.g., day-ahead or few hours ahead basis) of
the controllable resources, whereas the second-level (on-line optimization) deals with on-line scheduling
of the controllable resources.

The objective of pre-scheduling optimization problem is to minimize the relative expected cost of oper-
ation with respect to the estimation (forecast) of the uncertain parameters. This objective function in-
cludes the balancing cost minus revenues from provisioning ancillary services or any flexibilities to the
upstream transmission system. At this level, the main uncertain parameters are the power generation
of renewable energy sources (e.g., PV), and power demand of consumers in the coming hours. The
pre-scheduling optimization problem is solved one day before the target day (day -1), since we want to
determine the participation of active distribution grid in the markets of energy and ancillary services.

The objective of on-line optimization problems is to minimize the deviation of the outputs of controllable
resources (e.g., storages) from the pre-scheduled set-points obtained from the first-level, with respect
to the real-time realization of the uncertain parameters. In this respect, the on-line optimization relies on
a very short-term forecast of uncertain parameters near real-time, which is one of the subjects of WP 2
of this project. Prediction of PV systems outputs and demands in next ten minutes is done in the very
short-term forecast system proposed in WP2. The on-line optimization problem is solved ten minutes
before the target time step, as the time step is considered equal to 10 minutes in this study. The reason
behind selection of ten minutes for time step is that the measurements are captured every 10 minutes
in standard distribution systems. However, the market clearance is done every 15 minutes, the partici-
pation of active distribution network in the real-time market is not considered in this project.

The two-level rolling optimization problems are linked together through the technical constraints of the
grid, as well as the constraints associated with the capacities of the controllable resources (e.g., state
of charge limits of the batteries). Moreover, the second-level (on-line) optimization problems will provide
deviation feedbacks to the first-level pre-scheduling problem (that will solve for upcoming time windows)
to enhance the overall optimality and security of operation of distribution grid operation in a larger time
window (e.g., one day). If the deviation from the schedules is more than what expected, some parame-
ters of the first-level optimization problem should be updated. Figure 2, depicts a simple schematic of
the proposed optimization framework.

Day-1 Day 0
1 |
1 LI

.ll.ll.>
A
g
. *%
o
oA
o
e 4

Deviation s % % % % % % Deviation feedback for

feedbackl First level Pre-schedule | second level | "Xt f|rst-levell Rroblem

optimization optimization

Figure 2: Two-level optimization framework

The optimization problems will be constrained by a) technical limitations of the distribution grids (e.g.,
voltage limits, power flow limits and so on) and b) capacity and technical limits of controllable resources
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(e.g., state of charge of batteries), with respect to the real-time measurements. Moreover, the possibility
of supplying ancillary service and flexibility provision (i.e., both voltage and frequency control services)
from the distribution grid to the upstream transmission grid is taken into account.

3.1 Definition of the input data and the output optimization variables

3.1.1 Definition of state and decision variables of pre-scheduling optimization

The block diagram of pre-scheduling problem (first-level) is depicted in Figure 3. The pre-scheduling
set-points and offers to both energy and flexibilities markets are optimized in the day-ahead scale using
a robust optimization problem. For writing this optimization problem, the PV model, including the weather
forecast for next 24 hours, is employed. This forecast cannot be 100% accurate; thus, the error of fore-
cast should also be included in the model of optimization problem. In addition, the parameters and fore-
cast of demands are used. Finally, we need the parameters of distribution network to write an optimiza-
tion problem for maximizing the net income and minimizing the deviation from the schedule in all sce-
narios of forecasting error. The proposed optimization problem in the pre-scheduling horizon must be
robust against the uncertainties of forecasts. As a result, in the case of deviation from the forecast values
in the real-time, the resources are optimally controlled to minimize the net deviation; in addition, these
deviation experiences are used in the pre-scheduling optimization problem of next days by tuning some
parameters of robust optimization (which is explained later on). Thus, this feedback in the model is
considered to reinforce the proposed model through the experiences and bi-directional interaction with
the environment. It is worth mentioning that in addition to this feedback, a high number of operation
scenarios is considered in the formulation of proposed pre-scheduling (first-level) problem for ensuring
the dispatch possibility of distribution grid.

Parameters

Weather
forecast

Parameters

!

> PVs model 9>

!

Pre-scheduling

Load Loads
forecast || model

set-points

Batteries

Parameters
model

|

Parameters Grid model [

Optimization

Parameters Cos.t =]
function

PR —
Performance :
1 Real-time

ofon-line b >
| optimization | feedbacks

Figure 3: Structure of inputs/outputs of pre-scheduling problem (first-level)

Therefore, the input variables of this pre-scheduling optimization problem are as follows:

- Parameters of PV production systems (grid voltage, converter voltage, and Thevenin reac-
tance), BESSs (charging and discharging efficiencies), distribution grid (resistances and reac-
tance), and voltage magnitude of connection point, i.e., [V, |:n € NTO,



Prediction of demands at each time step based on a number of scenarios, i.e., Pd(ffM) and
(DEM)
dtw

Prediction of maximum possible outputs of PV production systems at each time step based on
a number of scenarios, i.e., P %)

' Citw
P) 4@

Cost functions parameters such as 4, 4,;’, and /1,9?:f{P+,P—, Q+,Q-}.

The asked active and reactive power of upper layer grid operator from the DSO, i.e., r,ffZ‘P) and
(RT,Q)
ntw

The output variables of pre-scheduling problem are as follows:

Active and reactive power offers to the day-ahead market at the connection nodes (Pn(fc) and
(SO
nt )

Active and reactive power flexibility services offered to the day-ahead market at the connection
nodes (RSP vf € (P+,P—,Q+,Q-}).

Active and reactive power set-points of PVs at each time step and each scenario of operation
(P& and Q1))

itw itw
State of charge and active/reactive input powers of BESSs at each scenario of operation
(SOCsr, PL™, and Q™).

Stw

Distribution grid variables including square of currents and voltage (v,;, and [ and all

variables related to the exact Distflow model.

nn'tw)’

Real-time injections of active/reactive power at connection node, which may deviate from asked
active/reactive power by upper layer grid operator based on scheduled flexibilities (P(RT) and

(RT) ntw
Qnta) )

3.1.2 Definition of state and decision variables of on-line optimization

The block diagram of on-line (second-level) problem is illustrated in Figure 4. In real-time, two operation
modes are considered since there is a hierarchy of operation in real-time. Here, the hierarchy is due to
the fact that the operation of distribution grid must be continued even the solution of on-line optimization
problem is not found. To this end, the default set-point values (the set-point in previous time-step) must
be used for set-points of flexible resources in the case that the main optimization problem does not find
the global optimal solution. To summarize, these two operation modes are defined in the following:

Mode 1 or main mode: The main optimization problem for finding the set-points of flexible re-
sources in the distribution network considering the commands of upper layer grid operator or
TSO for providing flexibilities is implemented. Note that the command of upper layer grid oper-
ator is considered in the pre-scheduling optimization problem with a boundary; however, in real-
time, the exact command is known.

Mode 2: The default values are used when the outputs of mode 1 are not available (if the solution
of optimization problem is not determined in the dedicated time). This mode can be used as
backup plan for the proposed control system in real-time.

Using mentioned two modes, the hierarchy of proposed control system is kept from the viewpoint of
distribution network’ operator because the operation of distribution grid is not disturbed in the case that
the on-line optimization problem is not solved in the dedicated time. The block of “switch” in Figure 4
decides the activation of each mentioned mode. The rule of this “switch” is as below: if the solution of
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mode 1 is not available after a time instant, the outputs of mode 2 (which are the default values) are
used as the outputs.

______ -
1

'y
er layer
function | operator P
i
Mesthy =] PVs model ]
forecast
Load Loads
forecast model [ g
- =
e SR
- -
[ = <| On-line
— ] :
Grid model ] E e 'S set-points
Q. h SR
Pre-scheduling - 9,
set-points
Measured real-time N
values
Mode 2
I(Default values)

Figure 4: Structure of inputs/outputs of on-line problem (second-level)

Therefore, the input variables of the on-line optimization problem are same as the inputs of pre-sched-
uling problem. In addition, the outputs of pre-scheduling problem are other inputs of the on-line problem.
Finally, the outputs of the on-line optimization problem are as below:

- Active and reactive power set-points of PVs (PL.(PV) and Qi(PV)).

- State of charge or energy content and active/reactive input powers of BESSs (SOC,, P59,
and QS(BESS))_

- Distribution grid variables including square of currents and voltage (v, and [, '), and all variables
related to the exact Distflow model.

- Real-time injections of active/reactive power at connection node, which may deviate from asked
active/reactive power by upper layer grid operator based on scheduled flexibilities (P,fRT) and
(RT))

n

3.2 Definition of the criteria and constraints

In this section, different models of power flow, capability constraints of battery energy storage systems
(BESSSs), the capability constraints of PV systems, and the constraints related to the connection point
of distribution grid and the upper layer grids are presented.



Here, the distribution grid can refer to the LV grid (with any voltage below 1 kV based on the standard
of SwissGrid); then, the upper layer grid would be the medium-voltage grid (with any voltage ranging
between 1 kV and 36 kV based on the standard of SwissGrid). However, if the distribution grid refers to
the medium-voltage grid itself; then, the upper layer grid would be high-voltage level transmission grid
(with voltage ranging between 36 kV and 150 kV based on the standard of SwissGrid).

3.2.1 Constraints of distribution grid
Consider a distribution grid, where n and N denote the index and set of nodes, respectively. The network
admittance matrix, containing the electrical parameters and topology information, is denoted by Y: = G +
jB, where j: = +/—1. Define (.)* as the complex conjugate.

All presented models in this section are given for a single sequence, one time step, and a scenario. The
indices of t and w (referring to the time-step and scenario, respectively) are dropped here. Based on
the requirements and necessities, these indices must be added into the models.

The power flow models are presented to balance the injection and withdrawal power of different buses
in the grid. Each bus n € N has active and reactive power injections B, + j. Q,, 13,(5 € RN The active
and reactive power injections of each bus are equal to

p = Z Pi(PV) n Z PS(BESS) _ z Pd(DEM); vn €N, (1

i€ly SESp deDy
PV BESS DEM 2
0= 0™+ QP = P vnen. @)
i€ly, SESy aebp

The power flow models are also presented for maintaining the limitations of the voltage and current
magnitudes of buses and lines as follows.

V) < ] < [ vneN, (3)
0 < Lyl < I vnn' €N (4)

In the following, a number of power flow models are presented. Based on the requirements and the
accuracy, each one of them can be adopted in the pre-scheduling (first-level) and on-line (second-level)
optimization problems of the DiGriFlex project.

3.21.1. AC power flow

Each bus has an associated voltage phasor as well as active and reactive power injections. The voltage
phasors are denoted by VV € CNI, with polar coordinate representation V|28, where [V]| > 0 € RN and
§ € (—3.14,3.14]'NI,

The power flow equations are

P, +jQ,=V, Y* .V vn€N. ()

nn n’
n'eN
Splitting real and imaginary parts of (5) and using polar voltage coordinates yields

P =V Z 1V AA(G,y cos(8, — 8,) + B, sin(8, — 8,)); ¥n€N, ()
n'eN

. 7

Qn = Vil z | an|(Gnn' sin(6, —6,) — B, cos(6, — 5n')); vn € N. (7)
n'eN

In this power flow model, the current phasors of the lines are calculated as

Inn’ = Ynn’(Vn - Vn’)- (8)
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3.21.2. DistFlow model

The DistFlow model (9)-(12) fully represents the power flows for a balanced radial network. However,
(9)-(12) is an approximation for meshed topologies power flows.

P = Tonlyn — P+ Z P,.; YneN,vn €@, ©)
n'eo_.
: (10)
Q=21 —Q. + Z Q,."; YneN,vn €@,
n"E@__v
(11)

Uy =V, = 2T, P t X0 Q) — (rjnv + xinv)l 5 Vn€eN,vn' €6,

nn- nn nn’

LinVn = P2 +Q2 ; VneN,vn' €0, 12

where each line has series impedance r,,,,/ + j. x,,,'.

In this power flow model, the current of lines are calculated as

ITlTl' = V lnn" (13)

To convexify the Distflow model, (12) can be replaced by the following inequality. The resulted power
flow model can be solved with second-order cone programming (SOCP) solvers.

Lonon = Pjnv + Qinv; vn e N,vn' € o,. (14)

In [1], it is proved that this convex second-order relaxation is exact when the objective function of the
problem is linear. For other problems, the exactness of this relaxation must be studied.

It is worth mentioning that in the DistFlow model it is implicitly assumed that the directions of active
power through the lines are known. Set 0, is used here to denote the connected nodes that receive
power from bus n. For the case of generation in dthe istribution grid, when the directions of active power
are unknown, the DistFlow model is modified in [2] to compute the exact power flow. The following
constraints are added into the model for considering the possibility of generation in the grid.

5(T) _ 5(T) . '
P =—p + z P'".; vneN,vn'€ 6, (15)
n'eo .
AT _ AT . !
00 = -, + z Q').; vneN,vn' €0, (16)
n"eo_»
By — B, = Z(rnn'ﬁ,(l?' + xnn'@,(;)')? vn € N,vn' € 6,, (17)
5(T) _ 7 5(T) . '
PO = il — Py + Z P..; Vn€N,vn'€ 6, (18)
n”e@_;
Q,(;) =x, I —Q, + Z Qﬂ,,; vneN,vn' €6, (19)
n”e@_;
I v >max{P®), PN + max{ 0", 0®)%; vneN,vn' €0 (20)
nn'n = nn’ nn nn’ *nn’ "’ ’ n

7 5(T) 5(T AT AT '
L vn = max{ Pén),, P7ETL),}2 + max{ Qfm),, Qfm).}z; vn € N,vn € 0,, (21)

n



pB — —P+ Z PSB, vn € N,vn' € 6, (22)

n'eo
0® = —q, + Z 0.; vneN,vn €0, (23)
n'eo
5(B) _ () | !
PO =—p .+ z P".; vneN,vn'€ o, (24)
n'eo
0% =0+ ) 07 vnenwn'ca, (25)
n'eo_
(max) p(B) p5(B)y2 AB) A(B)y2. '
[ vy 2 max{ P o, P o} +max{Q -, Q <} Vn€N,vn € 0, (26)
5(T) 5(T AT AT '
|Ir(1’:.ax)|vn > max{ Pin)., PJEn).}2 + max{ Qr(m)., Qfm).}z; vneN,vn € 6,, (27)

where 131(1?, Qf;),, Pgl), Qf;),, ng} @7(:1)' Pr(li), Qni),, 7,,and [ _-are auxiliary variables. In [2], it is discussed
how adding these constraints may overcome the challenge of undefined directions of active power in
distribution networks.

3.2.1.3. Linearized DistFlow model

By neglecting the losses in the DistFlow model (setting L,,,,» = 0 to remove the terms related to the losses
in (9)-(12)), the linearized Distflow model is derived as presented in the following. This new model can
be included in a linear programming (LP) problem.

Poy =Pyt Y Pyyi VnENVI €, (28)
n'eo_.

Qui==0Qu+ ) Qi VnENVN €O, (29)
n'eo_.

Uy — Uy = 2Ty P + XyQpn); YN EN, VR € O),. (30)

In this power flow model, the current magnitudes of lines cannot be calculated directly. Thus, for the
constraints related to current magnitudes (e.g., (4)), |1,,,,/| is overestimated as below:
~ max{P,,,—P, ,}+max{Q,,»—Q,.1} (31)

=

nn'| Vnmin

|1

The maximum functions can be linearized easily using a number of inequalities.
3.2.14. Direct-Current (DC) power flow

The most commonly used linear approximation in the literature of power system is the DC power flow
model, which is based on several assumptions.

- Reactive power flows can be neglected.
- Thelines are lossless, i.e., G ~ 0, and shunt elements can be neglected.

- The voltage magnitudes at all buses are approximately equal, so |V,| = 1 per unit at all buses
n € N.

- Angle differences between connected buses are small such that sin(s, —6,,) = 6, — 6,,,Vn €
N,vn €N.

Applying these assumptions, the following DC power flow model is derived:
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> B (0a—6,)= By VneN. (32)

n'E@-,,
In this power flow model, the lines currents are calculated as follows.
L, =B, (8, —6,). (33)

Note that as the voltage magnitudes of nodes are not calculated in this model and the ratio of R/X is
high in distribution grid. Thus, the DC power flow model is not an appropriate one for distribution grid
modelling.

3.2.1.5. Convex DC power flow model

The flowing power through a line can be approximated as a convex function of the voltage angle differ-
ences. For derivation of convex DC approximation, we consider that |V},| is 1 per-unit for all buses.
Moreover, the voltage angle differences, i.e., §, — 6,7, are assumed enough small. By using this ap-
proximation, sin(&, —&,) and cos(8, — &, can be approximated by &, — &, and 1 — 0.5(6,, — §,,)?,
respectively.

Applying these assumptions, the following convex DC power flow model is derived:

p = z [B, (8, — 6,) +05G, (8, —8,)%]; VneN. (34)
n'edy
In this power flow model, the lines currents are calculated as follows:
L., =8B,,(0,—6,)+05G, (6 — 6n')2. (35)

To construct a convex relaxation, both (34) and (35) can be replaced with the following inequalities. It
can be proved that the same power flow is resulted considering the following inequalities instead of
original equalities.

P, < Z [B,, (6, —6,) + 056G, (6, —6,)%]; YneN. (36)
n'ed,

(37)

I, =B, (6, —6,)+05G,, (6 —6,)% vneN.

nn —

Same as DC power flow mode, the voltage magnitudes of nodes are not calculated in convex DC power
flow model and the ratio of R/X is high in the distribution grid. Thus, the convex DC power flow model is
not an appropriate model for the distribution grid modelling.

3.2.1.6. Linear power flow model

One approach for linearizing the power flow equations for distribution grids is based on linearization
around the no-load voltage profile under the assumptions of negligible shunt impedances and near-
optimal voltage magnitudes. The voltage magnitudes can then be approximated as functions of active
and reactive power injection vectors P and (7:

(38)

where Y™':= R + jX.

The lines currents can also be approximated based on the no-load voltage profile and Jacobian matrix
as described in [3].

3.2.1.7. Sensitivity-factor based model

The power flow equation can be written solely relying on the measurements, without using any infor-
mation of the grid model. In the literature, the coefficients of sensitivity factors are defined for the voltage



magnitude sensitivities of node n or current magnitude of line from node n to node n' with respect to the
injected active/reactive power of bus n"’ as described in the following:

vy, Ol e, _ OlVal (39)
nn" " 6Pn” , " 6Qn~'
k@ .= Nl pagy Ol (40)
nnn ap,- nnn 2Q,"

These sensitivity factors can be determined using data-driven approaches and relying solely on the
measurements [4, 5]. Based on these sensitivity factors and assuming that the network operates around
an operating point, the following equations can be derived.

41

Wl = 4P+ T KYD (2= PP+ ) KD (0, = @), wneN, 1
n'eN n'eN

42

[l = P14 KD (o= POy 4 3" K090, — @) wneN, #2)

n"eN n"eN
here [V, |11(;1’f)|, PP and QP are the operating point of voltage magnitude, line current magnitude,
active power, and reactive power, respectively.

3.2.1.8. Conclusion
The mentioned power flow models are summarized in Table 1.

For pre-scheduling (first-level) problem, the DistFlow (exact version in [2]) is adopted. The reason behind
using this version is that the distribution grid is radial in most cases and in addition, there are generation
and consumption in active distribution networks. Therefore, the directions of active power are unknown.
For the on-line (second-level) problem, the sensitivity-factor based model is used if the exact DistFlow
model generates a lot of variables and constraints. The reason behind using this model in the second-
level problem is that the problem must be solved in a limited time. Therefore, a linear version of the
constraints can be used, which leads us to a LP problem.

Table 1: The presented models of power flow.

Section | Name Equations Convex/Non-Convex Meshed/Radial
5.1.1 AC (5)-(8) Non-Convex Meshed

51.2 DistFlow (9)-(11), (14), | Non-Convex>SOCP Radial

(15)-(27)

5.1.3 Linearized DistFlow (28)-(31) LP Radial

5.1.4 DC (32)-(33) LP Meshed

5.1.5 Convex DC (36)-(37) Non-Convex->SOCP Meshed

5.1.6 Linear (38) LP Meshed

51.7 Sensitivity-Factor (39)-(42) LP Meshed

Based

3.2.2 Constraints of battery energy storage systems (BESSs)
Several approaches exist for modelling the constraints of BESSs such as modelling the internal chemical
state of charge (SOC) of the BESSs or modelling the BESSs as the equivalent electrical circuits. Here,
the models based on internal chemical states of the BESSs are adopted. In the adopted models, the
parameters of the BESSs can be obtained using the BESSs specification sheets.
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Same as the models of power flow, the model of BESSs are given for a scenario in this section. The
index of w (referring to the scenario) is dropped here. Based on the requirements and necessities, this
index must be added into the models.

3.2.2.1. Nonlinear model

Several real-world aspects of BESSs are incorporated in this model such as the limits on the SOC,
maximum charging/discharging powers, and self-discharge. Nonlinear model is described using the fol-
lowing set of constraints:

w) (BESS) At © - (BESS) o (43)
LV . t BE. L
SOCs(e41y = (1 —yg )SOCy + mln{sT, 0} + max{n; P, At 0} —ys At
S
Vs eSS VteT,
(BESS)~\2 (BESS)~\2 (BESS,max)~2 (44)
Py )%+ Qg )% = (S )2; VseSVteT,
(45)

soc™™ < soc,, < s0c™™; vseS,veeT.

It is worth mentioning that this model does not reflect the well-known physical phenomenon that the
BESSs capacities change with applying different charging/discharging currents. This behavior is ob-
served specifically in Li-ion batteries. In addition, it is assumed that both the charging/discharging effi-
ciencies of the BESSs are constants; whereas in reality they depend on the magnitude of the charging
current.

3.2.2.2. Mixed-integer linear programming (MILP) model

The presented first model is non-convex due to the presence of min{. } and max{. } functions in (43). To
solve an optimization problem including these constraints with a commercial solver, a MILP model can

be used by defining auxiliary variables Ps(tBESS'D), PS(tBESS'C), and binary variables ungSS'D), ungSS’C), and
rewriting (43) as below.
(BESS,D) ¢ (46)
LV C BESS,C LC
SOCse41) = (1 = ¥")S0C,, + =t—— + nORFE e —y Ot vs e S,ve e T,
N
(BESS,C) (BESS,max)_ (BESS,C).
0<P,; < S Ug, ; VseS VteT, (47)
_SS(BESS,max)ungSS,D) < PS(tBESS,D) < 0; Vs € S, vt € T, (48)
uBESSP) L BESSPY < 1, vseS,VEET, (49)
ulPESSP) 3 BESSD) € (0.1}, Vs eSS, VLET, (50)
R;(tBESS) — PS(tBESS,C) _ PS(tBESS,D); Vs € S, vt € ']T, (51)
soc™™ < soc,, < soc™™™; vseS,vteT. (52)

In this version of the model, the reactive power injection of BESS is forced to be zero. If we consider the
reactive power injection of BESS to be non-zero, the constraints fit into mixed-integer second order cone
programming (MISOCP) problems.



3.2.2.3. Convex model

Solving the MILP problems has high computational complexity. We can use the following method to turn
the non-convex constraints of BESSs into the convex ones.

The integer variables in (47)-(48) are introduced because of the differences between magnitudes of
efficiencies ngD) and ng”. In addition, to force the BESSs to work in one operating mode (charging or
discharging) at each single time step. As formulated in [6], we can remove these binary variables and it
is not necessary to have them since giving values to both charging and discharging power variables
results in increased energy losses and, consequently, increases the objective function. However, re-
moving these binary variables could be misused to create an unreal load to satisfy security constraints
in the presence of large amount of injections into the grid. In this respect, we have added an auxiliary
SOC variable, i.e., S'(Tcs(t+1), and its respective constraint, assuming an ideal BESS efficiency. This
auxiliary constraint is necessary to avoid the ill use of the relaxed BESS efficiencies in order to create
an unreal load. This modified convex model of (46)-(52) is presented in the following.

SOCy41) = (1 — ¥{")S0C,, + % +nOPPESOpr —yEOnt; vse S VEET, (53)
s

0 < pIPESSO) < gBESSMA. s e S, VEET, (54)

—gPESSMmax) o pIESSD) < 0, ys e S, VL ET, (55)

Ps(tBESS) _ PS(tBESS,c) _ PS(tBEss,D); Vs ESVEET, (56)

(PLPESY2 1 (QBFSN2 < (SPPESSMa2, s e S, VL ET, (57)

soc™™ < soc,, <S0C™™; vs€eS,VLET, (58)

SOCs1) = (1 — y{")SOC,, + PEE¥ P4t + PPE50at —yEOut; vses vt eT, (59)

soc™™ < soc,, < S0C™™; vseS,vteT. (60)

In this model, the reactive power injection of BESSs, i.e., Q°**%, are considered and can have non-

zero values. The model also remains convex and suitable for SOCP problems.
3.2.2.4. Conclusion
The mentioned models for BESSs are summarized in Table 2.

For the pre-scheduling (first-level) problem, the convex model (the relaxed model described in [6]) is
used. For the on-line (second-level) problem, we need a linear model. The only nonlinear constraint
exists in the model (53)-(60) is constraint (57). To linearize this constraint, we can use the approach of
[7]. We approximate a circle with radius of S5 with a couple of linear lines.
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Table 2: The presented models of BESSs.
Section | Name Equations Convex/Non-Convex Reactive power
521 Nonlinear (43)-(45) Non-Convex Considered
522 MILP (45)-(52) MILP Neglected
5.2.3 Convex (53)-(60) Convex->SOCP Considered

3.2.3 Constraints of PVs
The capability curve of a PV system is defined with the following limitations, which are illustrated in

Figure 5:
- The converter voltage limit,
- The converter current limit,

- Maximum power because of available solar irradiance.

?Q Available
Solar
Converter “=|rradiance
\
Voltage -
limit =
28
Q wn P
[
Converter
Current
limit
./

Figure 5: The capability constraints of PVs [8].

These constraints are normally convex; however, we can develop a linear version of these constraints.
In the following, both versions of convex and linear formats are presented.

Here, both models are given for one time step and a single scenario. The indices of t and w (referring
to the time-step and scenario, respectively) are dropped here. Based on the requirements and necessi-
ties, these indices must be added in the models.

3.2.3.1. Convex model

As it is proved in [8], the converter voltage limit of a PV system can be written as a circle with a centre

of =31 *")2/x ) in the Q-axis and a radius of 3y, VY (oMY V),
S(V(grid,PV))z 3V(grid,PV)V(conv,PV) (61)
(PV) 2 (PV) L 2 i i 2. .
(B + (@ + <) )2 < ( <o) )% Vi€l
L

i
here, V04" y oY) and x*") are grid voltage, converter voltage, and Thevenin reactance from

the viewpoint of PV production system i, repsectively.



The converter current limit of a PV production system can be presented by a circle with radius of SL.(PV""“")
as follows:

(B2 + Q)2 < (s viel (62)

Finally, the available solar irradiance and positive generation limits are presented with the following
constraints:

0 <P < pPVm; yiel (63)
3.2.3.2. Linear model

The power capability of a PV system can be linearized using a predefined number of linear boundaries.
For instance, instead of (61) and (61), the following two linear constraints are considered.

Ki(Pvl) Pi(pv) " Qi(PV) < Ki(PVZ); viel, (64)
KPP 4 " < KT, viel, (65)

in which,

(grid,PV),(conv,PV) (grid,PV)
K,(PV:L) — 3Vi Vl _ (S(VL )2)2 _ (P(PV,max))z 1 . (66)
i XL'(PV) Xi(PV) i P (PV,max)

i

id,PV ,PV id,PV
K.(PVZ) _ 3[/;:(9” )Vi(conv ) _ 3([/’:(9” ))2 (67)
i X7
(PV3) _ (PV,max) (PV,max) (PV,max)
K; - (Si - \/(Si )= (R, )2) p(PV.max)’ (68)
i
Ki(PV4) — Si(PV,max). (69)

Therefore, the linear model of PV system constraints includes (63)-(69).
3.2.3.3. Conclusion

The mentioned models for the PV systems are summarized in the Table 3. For the pre-scheduling (first-
level) problem, the convex model is used. For the on-line (second-level) problem, the linear model is
adopted.

Table 3: The presented models of PV systems.
Section | Name Equations Convex/Non-Convex
5.3.1 Convex (61)-(63) Convex
5.3.2 Linear (63)-(69) LP

3.2.4 Constraints of connection points
The distribution grids can have multiple connecting nodes to the upper layer grids, in which these nodes
are denoted by index n € N9, These nodes are considered as slack nodes in both of pre-scheduling
and on-line problems. In the power flow model (Distflow and Sensitivity factor based models), we do not
have phase angle variables; thus, the voltage magnitude of these slack nodes should be known as
parameters. However, the voltage magnitudes of these nodes depend on the neighbouring distribution
networks power flow that are not modelled in this study. As a result, the voltage magnitudes of slack
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nodes are considered as uncertain parameters that we do not have any information from the probability
distributions of them. We only know the boundaries of these uncertain parameters.

In the proposed scheduling problem, we want to find the active and reactive power injections of these
nodes that are offered to the day-ahead market. They are denoted by P,ffc) and Q(SC) In addition, we
want to find the active and reactive power reserves (for both upward and downward movements), which
are denoted by RC: f € (P+,P—,Q+,Q-}.

In each scenario of operation, i.e., w € 2, the upper layer grid operator may ask from the distribution

system operator (DSO) to provide the reserves equal to """ and "% These values of deployed

reserves must be within the boundaries of what DSO offered, i.e., R,(lSC'P_) < 1B < RBCPH) and
ROCQ) _ (RT.Q) _ p(SC.0+)

“Mat SThite =Ry :

If the DSO cannot provide these flexibilities and instead provides the active and reactive power equal to

PE and Q7). the deviations are as follows.

al = max{ PED — pSO _ TP o1 yn € NTO, vt € T, Vo € 0, (70)
a) = —min{ PED — pCO _ - EIP) 3. vn e NTO, vt € T, Vo € 0, (71)
al%) = max{ QL") — B9 — TV 0}, vn € NTO, vt € T,Vw € 0, (72)
al% = —min{ Q&) — QY — &7 0}; wn € NTO,vt € T,Vw € 0. (73)

Note that the constraints (70)-(73) can be linearized using auxiliary variables. In addition, all these con-
straints can be used for both pre-scheduling and on-line optimization problems in the next section. The
slight difference would be for on-line optimization problem, RS and Q©“) are parameters while they
are variables in the pre-scheduling optimization problem and they should be determined as outputs of
the problem.

3.3 Choice and setup of mathematical formulation

In this section, the mathematical formulations, including the objective and constraints for both pre-sched-
uling (first-level) and on-line (second-level) problems are given. To find an appropriate model for pre-
scheduling problem complying with the uncertainty in accordance with the outcomes of WP2, two mod-
els of stochastic programming and distributionally robust optimization are presented. The solution ap-
proaches of these two models are compared and the best one is chosen according to the nature of the
problem. Finally, the setup of the pre-scheduling problem interface with on-line problem is introduced.

3.3.1 Pre-scheduling (first-level) optimization problem
The inputs of this optimization problem are introduced before. Here, we are writing a problem to find a
robust solution against the uncertain parameters |V, |: n € N©, P;f’fM) QWPEM  pFviman) . (RTP) ‘and
n(RT Q) Finding the probability distribution functions for some of these uncertain parameters (such as
fgf’") (DEM) | p{PVmax) y is possible. However, forecasting the uncertain parameters |V, |:n € NT©),

0P and %9 s not possible and the boundaries of these uncertain parameters are just observable.

In the following, the pre-scheduling (first-level) problem is written using stochastic programming and
distributionally robust programming. The advantages/disadvantages of adopting these two methods are
discussed/compared.



3.3.1.1. Stochastic programming and its solution approach

In this version of scheduling optimization problem, a number of scenarios w € 2 is generated and a
stochastic programming problem is written. The following stochastic optimization problem is solved in
the day-ahead time scale to find the schedules of PVs and BESSs. In addition, by solving this problem,
the energy, 5% and Q&?, and reserves offers, RS“": f € {P+, P—,Q+,Q-}, of DSO to the day-ahead
market are determined.

minso Y Y (a0 00— S apagen)
tET neNTO) fE(RH.P=Q+,Q-)
+Z E, {ming(m'mEQ Z Z BigM.af”{;}
teT wo nel 7O fe{P+,P—,0+,0-}

Subject to:
Basic constraints: (1)-(4) and (70)-(73); Vt € T,Vw € £, (75)
Power flow (exact DistFlow model): (9)-(27);Vw € 0, (76)
Convex model of BESSs: (53)-(60);Vt € T,Vw € 2, (77)
Convex model of capability constraints of PVs: (61)-(63);Vt € T,Vw € 2, (78)

Here, the first line of the objective function is the costs of purchased active and reactive power from the
upper layer grid minus the income of sold flexibility services. The cost of purchased active/reactive
power is multiplication of the price, i.e., /1,(1’? and /153), and the amount of scheduled active/reactive power,
ie., RS9 and QY. The income of sold flexibility service f € {P+,P—,Q+,Q—} is also computed by
multiplying its price, i.e., /15{?, and its scheduled capacity R,(f‘tc‘f). The flexibility services prices and energy
price are determined in the WP 1 of this project. Here, in the objective (74), the second line is added to
minimize the deviation from the upper layer system operator commands. This deviation is our last re-
source to make the problem feasible; thus, we use the large constant BigM to be multiplied by the
deviation a¥) to penalize the objective in the case of using this last resource. It is worth mentioning that

ntw

the deviation “7(1120 is written for all scenario w and the expectation over w is established in the objective
function.

The proposed stochastic problem is a two-stage (min-min) problem. Set 2% includes the variables of
upper level problem and the set E(E,RT) consists of the variables of lower level for each scenario of oper-
ation. Set % includes the following variables:

Pn(f ) and fo).
RE“D.vf € (P+,P—,Q+,Q-}.
Set Z&™ includes the following variables:
- PP and QY.

itw itw

p(BESS)

- SOCqy, P59 and QUEES.

Stw

- Vpe andl and all variables related to the exact Distflow model in (9)-(27).

.
nntw’

- P& and Q(RT).

ntw ntw

In the following, we discuss the solution approach of this stochastic programming.
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This min-min problem can be transformed into a single level problem as variables in the set 55¢ u
(Uwea ZRT) can be determined simultaneously. By adopting the models of power flow, BESSs, and ca-
pability constraints of PVs, the proposed single-level stochastic optimization problem is solvable using
SOCP, which has the desired accuracy and computational burden.

There are three methods to determine the scenarios of operation in stochastic programming: (i) Using
probability distribution functions of uncertain parameters and finding representative scenarios, (ii) Vertex
enumeration, and (iii) Selecting vertices randomly.

(i) In the first method, a high number of scenarios is generated using the probability distribution functions
of uncertain parameters. For maximum production of PVs and demands consumptions, the forecasting
system, proposed in the WP 2 of this project, gives us their probability distribution functions using his-
torical data. However, for uncertain parameters [V, |:n € NTO, r&"P and r&"9 finding the proba-
bility distribution functions is not possible since the behaviors of these parameters do not depend on the
historical data or there are not enough historical data for forecasting. To solve this issue, we can con-
sider the worst case and boundaries of these variables. In other words, the boundary values (maximum
and minimum permissible magnitudes of |V, |:n € N9, r,ff(f")), and r,ffj'o)) are used and the uniform

probability distribution function is considered within these boundary values.

To satisfy an € -level of feasible solution (when constraints are satisfied for more than (1 — €) * 100% of
realization of scenarios), and for the confidence-level 0 < g < 1, the number of scenarios N must be
selected according to the following rule [9].

nxl (79)

z (1]\(]) ef(1-eVk<p,

k=0

where, n, is the number of variables of stochastic optimization problem. By using this formula, the num-
ber of required scenario to ensure the € -level of feasibility would be enormous for our proposed formu-
lation and the problem becomes intractable.

(i) In the second method of scenario generation, we only focus on the boundaries of uncertain param-
eters. In this method, we do not need the probability distribution functions of uncertain parameters.
Problems whose constraint functions are linear, monotone, or convex (and the proposed scheduling
problem is convex), it suffices to enforce the constraints only for the uncertainty vectors that correspond
to the vertices/boundaries. Following this vertex enumeration scheme results in total with 2"$ scenarios
[9]. Here, ns is the number of uncertain parameters. For the cases that the vertex enumeration approach
leads us to a computationally manageable problem, no additional structure on the objective function and
the constraints of the initial problem is required. However, in this proposed stochastic optimization prob-
lem, the number of scenarios becomes too high and using this method is impossible.

(iii) In the third method, we select a finite predetermined number of scenarios randomly from the vertices
of uncertain parameters. Unlike the first method, we focus on the vertices in the third method. Unlike the
second method, all the vertices are not enumerated. Since the proposed pre-scheduling problem is
convex, it suffices to enforce the constraints only for vertices and we know that in the worst case, we
should generate number of scenarios N according to (79). It is expected that the required number of
scenarios should be less than the one determined from (79). However, there is not any mathematical
proof for this statement and the number of scenarios depends on the problem parameters. Therefore,
the challenge of required computation time for solving the stochastic programming version of the pre-
scheduling optimization problem is remained while the only feasible and less time-consuming method
for scenario generation for this stochastic optimization problem is the third method. We use this third
method for comparing the proposed stochastic programming with another approach for modeling the
pre-scheduling problem.



3.3.1.2. Distributionally robust programming and its solution approach

To solve the issues of stochastic programming [10], this new approach of distributionally robust pro-
gramming is introduced in this section. This approach unlike the robust programming does not find the
worst-case scenario in the objective function. Each scenario of forecast is considered as the sum of
expectation of forecast and the deviation error around that expected value. In the proposed distribution-
ally robust programming, we linearize all variables and power flow equations around the expectation of
forecast value.

For implementing this model, we need to introduce the affinely distributionally robust counterpart con-
straints, introduced in the Appendix A. The main added constraint is the following chance constraint, in
which it is added for limiting the deviation of active/reactive power of connection points with respect to
the commands of upper layer grid system operator.

Prob( Z al) < 8) <1-e;Vt € T,Vf € {P+ P—Q+Q -}, (80)
neNT0)
where, § is a small constant and 1 — e is the confidence-level.
Then, the distributionally robust optimization problem becomes as below:
P N sc sc (&1)
min s A8 GO 4 2@ 98O - AP RECD
teT neNC) fE{P+P-Q+,Q-}

Subject to:

Basic constraints: (1)-(4) and (70)-(73); Vt € T,Vw € {0}, (82)

Power flow (exact DistFlow model): (9)-(27);Vw € {0}, (83)

Convex model of BESSs: (53)-(60);vt € T, Vw € {0}, (84)

Convex model of capability constraints of PVs: (61)-(63);vVt € T,Vw € {0}, (85)

Affinely distributionally robust counterpart constraints: (80), (92)-(132);vt € T, (86)
here, the set of decision variables £ also includes the participation factors a """, ai(gV'P_), alf’ e,
ai(tPV.Q—), EfESS,P+)’ glgESS,P—), as(fESS.Q+), agESS,Q—), 1(11§T,P+), ar(lzzT,P—), aT(lIET,Q+), and ar(:;T, -) to compen-

sate the uncertainties.
In the following, we discuss the solution approach of this stochastic programming.

This new problem is written here only for one scenario w = 0 and the index of w for all variables can be
dropped. Therefore, the dimension of the problem becomes manageable. The only nonlinear constraint
is (80) that makes the problem nonlinear. The Chebyshev inequality theorem (see [11]) is used to con-
vexify the chance constraint. The assumption behind using Chebyshev inequality theorem is that uncer-
tain variables have Gaussian probability distribution and each one of them is within mentioned bounda-
ries with a specific confidence (these confidence-levels are denoted by 6", 5", g{@PE (V).
6" and 69,

It is worth mentioning that in Appendix B, it is explained how to use the Chebyshev inequality theorem
for replacing the constraint (80) with a linearized one.

3.3.1.3. Choosing appropriate model for pre-scheduling problem

The advantages of using distributionally robust programming instead of stochastic programming for pre-
scheduling problem are as follow:
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- The distributionally robust programming is written for the main forecasted scenario and it needs
less computational burden compared to the stochastic programming.

- For generating the representative scenarios, which is used in stochastic programming, we need
big historical data that is not available most of the times in LV distribution grids. Whereas the
distributionally robust programming does not require this big historical data since it needs only
the boundaries of uncertain variables.

- For LV distribution grids with many control/state variables, solving the stochastic programming
with high number of scenarios is not achievable.

Because of above mentioned advantages of distributionally robust programming, it is more proper to
use it in the pre-scheduling (first-level) problem. The performance of these two models are compared in
a case study with numerical validation.

3.3.2 On-line (second-level) optimization problem
In on-line (second-level) optimization problem, the forecasting is updated and a deterministic forecast is
derived (as one of the outputs of WP 2 of this project). Then, we have one scenario for each uncertain
parameter. The set of decision variables of the on-line optimization problem, i.e., set Z&T) includes the
following control and state variables.

} Pi(PV) and Qi(PV).
. soc,, PS(BESS)’ and QS(BESS).

- wvyandl - and all variables related to the exact Distflow model in (9)-(27).

nn"
- Pn(RT) and Q,(IRT).

The on-line optimization problem should be solved within the duration of a time step as the solution must
be available before the start of of next time step. In this study, the time step in real-time is considered
equal to 10 minutes as the measurements in the distribution grid are available every 10 minutes. Since
the forecasting algorithm is in series with the main optimization problem from the viewpoint of execution,
the required time for forecasting algorithm should be considered and the sum of both forecasting algo-
rithm and proposed real-time optimization problem should be less than 10 minutes. To this end, the
main problem is written for only the forecasted scenario to find the solution in a limited time.

Note that the market prices of active/reactive power are available every 15 minutes in the national grid
scale; however, the on-line optimization problem finds the dispatch for minimizing the deviation from the
scheduled values. In addition, the real-time prices of active/reactive power are not considered in this
project.

The following optimization problem is written to decide the schedule of PV production systems and
BESSs in real-time.

(87)
minr) Z z facy.a¥) + z fac,.|S0Cs — SOC;|
neN(TC) fe(P+,P—,Q+Q-} SES
+ Ynen Zn'eN facs. Rnn" |Inn'|2
Subject to:
Basic constraints: (1)-(4) and (70)-(73); Vt € T,Vw € {0}, (88)

Power flow (exact DistFlow model): (9)-(27);Yw € {0}, (89)



Convex model of BESSs: (53)-(60);vt € T, Vw € {0}, (90)
Convex model of capability constraints of PVs: (61)-(63);vt € T,Vw € {0}, (91)

where, SOC; is the schedule of BESS s, and the factors fac,, fac,, and fac; determine the priorities of
minimization of deviation from the commands of upper layer grid system operator, deviation from the
schedule of BESSs, and loss. In practice, these factors are selected such that fac, > fac, > facs; thus,
minimizing the deviation from the commands of upper layer grid system operator has the highest priority.
Then, minimizing the deviation from the schedule of BESSs, determined in the pre-scheduling problem,
has higher priority compared to the loss minimization.

3.3.3 Interface of pre-scheduling and on-line optimization problems
After solving the pre-scheduling optimization problem, the interfaces between pre-scheduling and on-
line optimization problems are:

- active and reactive power offers to the day-ahead market at the connection nodes (Pn(fc) and
(SC))

nt

- active and reactive power flexibility services offered to the day-ahead market at the connection
nodes (R(Sc'f)- vf € {P+,P—, Q+,Q-}), and

nt :

- schedules of BESSs (SOCg;).
As one can see, the result of on-line (second-level) problem depends on these interface variables.

To test the performance of pre-scheduling and on-line optimization problems, using Monte-Carlo simu-
lation, a number of out-of-sample scenarios is generated. After finding the results of pre-scheduling
optimization, we will run the on-line optimization for these out-of-sample scenarios.

It is worth mentioning that the pre-scheduling problem can be solved using stochastic programming
based on a number of in-sample scenarios, which are different from these out-of-sample scenarios. By
observing the performance of the results of prescheduling problem in these out-of-sample scenarios,
we can get feedback from the on-line optimization (as it is promised in Figure 2). This feedback is in the
terms of the income of distribution grid by participation in the energy market and deviation from the
scheduled values. Then, the results of pre-scheduling problem can be updated considering this feed-
back. For updating the results of pre-scheduling problem, the confidence-level 1 — e of distributionally
robust programming can be updated to have more conservative or more profitable solution.

4 Markov Chains based model

A randomized sampling approach based on historical data or knowledge of the probability density
functions of the uncertain parameters is required for the proposed stochastic optimization problem. In
order to accomplish this,

We created a data-driven scenario selection strategy based on the Markov chains. It is important to
note that the solution to the stochastic optimization problem is robust if the number of scenarios, i.e.,
K, is large enough. Based on the results of [15], the minimum number of scenarios for establishing dif-
ferent confidence levels can be determined. However, the number of scenarios in the typical cases of
our problem is so large that the resulting problem is not scalable. The required number of scenarios
for our case study is more than 10000, where the ADN has just 5 buses and the problem is formulated
for 144 time-steps (24 x 6 of 10 minutes time-steps). As a result, we assume a fixed and small number
of representative scenarios based on historical data. In the sense that they exhibit the same behavior
as a large number of scenarios, these scenarios are efficient.
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The following is an explanation of the proposed method:

- Data preprocessing: We arrange the data of solar irradiance and electricity demand from the
previous month. The data are then normalized by removing outliers and standardizing it based
on minimum and maximum values. The data are then clustered into specific numbers, such as
3 clusters representing cloudy, intermittent cloudy, or clear days, using the K-Means method.
This feature, known as cluster number, is added.

- Train the model: For each cluster number, we train a model based on Markov chain. As a re-
sult, we have matrices of transition probabilities for each cluster number.

- Forecasting: To forecast the uncertain parameters for the next day, we apply the model Ran-
dom Forest. The resulting forecast is referred to as the baseline scenario.

- Scenario generation: We determine which cluster number is associated with the baseline sce-
nario using the distance between the forecast and cluster centers. Then, using the associated
transition matrix, we generate a large number of scenarios for that cluster number.

- Scenario reduction: We use the K-Means method to group the generated scenarios into a
small number. Cluster centers are regarded as representative scenarios in addition to the
baseline scenario previously forecasted.

4.1 Benchmark Scenario Selection Strategies

In order to quantify the merits of our proposed scenario selection strategy (which is presented in the
next subsection), we look at two benchmark scenario selection strategies.

The first benchmark strategy is based on last month's data for an uncertain parameter, which is clus-
tered into a small number. We use the method K-Means to cluster the data from the previous month,
and the centers of clusters are regarded as scenarios. The drawback of this method is that the output
scenarios are correlated with the data from the prior month. As a result, the quality of the derived solu-
tion using stochastic optimization is highly dependent on the scenario instants that occurred in the pre-
vious month.

The second benchmark strategy is based on the ARIMA forecasting method. We forecast each uncer-
tain parameter for the following day.

The standard deviation of forecasting errors can then be calculated. Using the forecasted value and
the standard deviation of forecast errors, we generate a large number of scenarios, for example, 1000.
Finally, we use the K-Means method to cluster the generated scenarios into a small number, and the
centers of the clusters are used to represent the reduced output scenarios. The disadvantage of this
strategy is that the temporal correlation is not reflected in the output scenarios, resulting in scenarios
that are unduly optimistic and unrealistic.



5 Validation of day-ahead and real-time optimization
using test bench and scenarios in numerical envi-
ronment

The test bench for validating the performance of proposed mathematical formulation is La Chapelle case
study, which is a real LV three-phase radial distribution network (230/400 V, 50 Hz) located in a rural
area in Switzerland. This network is depicted in Figure 6.

Bus 0

Trans
(100kVA)

Bus 1

Battery
L1+L2 L5 (10kWh/2kW)
Bus 2 Bus 3
¢ *Constant
SOPS load

inverter (10KVA)

(15 kVA)

Bus 4 L4+L6+L7

Cinergia
inverter @
(20 kvA)

Figure 6: La Chapelle case study.

To run the test, we emulate this network in Relne laboratory at HEIG-VD [12]. Its electric grid is con-
nected to the transmission system and can emulate a great number of topologies in order to test smart
grids control methods. This test grid takes advantage of the flexible and non-flexible generators and
demands as well as energy storages connected through bidirectional inverters.

The parameters of the cables in Relne laboratory are given in Table 4. In addition, the current profiles
of different branches and voltage magnitudes of different nodes for the main scenario before and after
implementing the set-points of stochastic programming are given in figures 7 and 8. It is worth mention-
ing that in the Relne laboratory at HEIG-VD, each line can be emulated by a set of cables in series. For
example, the line between buses 1 and 2 is composed of cables L1 and L2 in series. Here, the test is
run for 37 time steps, each time step has the duration of 10 minutes. Thus, the total test is run for 6
hours and 10 minutes.

Table 4: The parameters of Relne laboratory network

Ry (Q)  Rv(Q Ry (Q Ly(Q Ly(Q  Lw(Q)
Trans  0.0341  0.0341  0.0341 73e—-5 73e—5 73e—5

L1 0.00019 0.00019 0.00019 0.00019 0.00019 0.00019
L2 0.00019  0.00021 0.00020 0.00019 0.00020 0.00020
L4 0.00019 0.00019 0.00019 0.00019 0.00019 0.00020
LS 0.00019  0.00020 0.00021 0.00019 0.00020 0.00019

L6 0.00021  0.00021 0.00020 0.00020 0.00020 0.00020
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L7 0.00021  0.00021 0.00020 0.00020 0.00020 0.00020
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Figure 7: Currents over different lines (I_1 is current of L1+L2, |_2 is current of L5, |_3 is current of L4+L6+L7).
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Figure 8: Voltages of different nodes (V_1 is Bus0, V_2 is Bus1, V_3 is Bus2, V_3 is Bus3, V_4 is Bus4).

We solved both pre-scheduling and on-line optimization problem. We consider the uncertainties of PVs
production, active/reactive power of demands, and voltage magnitudes of connection point as below

¢ =¢ =600V,

(P.DEM) _ ,(P,.DEM) _ (DEM)
dt = Sat =01XxF,
(Q,DEM) _ (Q,DEM) _ (DEM)
dt = Cat =0.1X Qg0 »

it — it ito

= ¢ = 0.2 x P



The following 7 models are compared/validated:

- Model 1: stochastic programming with 100 in-sample scenarios,

- Model 2: distributionally robust programming with confidence-level, i.e., 1 — e, equal to 0.75,

- Model 3: distributionally robust programming with confidence-level, i.e., 1 — e, equal to 0.85,

- Model 4: distributionally robust programming with confidence-level, i.e., 1 — e, equal to 0.90,

- Model 5: distributionally robust programming with confidence-level, i.e., 1 — e, equal to 0.95,

- Model 6: distributionally robust programming with confidence-level, i.e., 1 — e, equal to 0.97,

- Model 7: distributionally robust programming with confidence-level, i.e., 1 — e, equal to 1.00.
The active/reactive power at connection point and the offers to the markets for these 7 models are given
in figures 9-15.
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Figure 9: Active/reactive power at connection point and offered energy and flexibilities to the upper layer grid (Model 1).
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Figure 10: Active/reactive power at connection point and offered energy and flexibilities to the upper layer grid (Model 2).
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Figure 11: Active/reactive power at connection point and offered energy and flexibilities to the upper layer grid (Model 3).



Robust conf=90%
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Figure 12: Active/reactive power at connection point and offered energy and flexibilities to the upper layer grid (Model 4).
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Figure 13: Active/reactive power at connection point and offered energy and flexibilities to the upper layer grid (Model 5).
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Figure 14: Active/reactive power at connection point and offered energy and flexibilities to the upper layer grid (Model 6).
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Figure 15: Active/reactive power at connection point and offered energy and flexibilities to the upper layer grid (Model 7).



By comparing the results of these models, the following conclusions can be made:

- By increasing the confidence-level in distributionally robust programming, the amount of positive
active power flexibility will be reduced while the amount of negative active power flexibility is not
changed too much. The reason behind this is that the resources for positive flexibility is limited.

- In case of stochastic programming, more active power is sold to the upper layer. It is because
we need more than 100 scenarios to represent the existing uncertainties in the system.

- The result of distributionally robust programming is more conservative because of the nature of
the formulation. By decreasing the confidence-level of the output, i.e., 1 — e, we can obtain a
less conservative solution.

The resulted income implementing these 7 models are compared in Figure 16. As one can see by se-
lecting appropriate confidence-level, the income will not be decreased too much, while the solution be-
comes more robust against existing uncertainties. Here, the prices are considered as below.
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Figure 16: Comparison of 7 models in pre-scheduling optimization with regard to the resulted incomes.

For all these 7 models, we generate 100 out-of-sample scenarios and we use the methodology of Monte-
Carlo simulation. At each time step and each out-of-sample scenario, we solve the on-line optimization
problem. Then, we find the number of time steps in each scenario that we deviated from the schedules
of prescheduling problem and the commands of upper layer grid system operator. We illustrate the box
diagram of deviation probability for these scenarios in Figure 17.
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Figure 17: Comparison of 7 models in pre-scheduling optimization with regard to the deviation probabilities in out-of-sample scenar-
ios.

As one can see that the stochastic programming has the similar deviation probability compared to the
case where the confidence-level is 0.85. The only difference is that the stochastic programming needs
more computational time and data. By increasing the confidence-level, we can obtain better perfor-
mance with regard to the deviation probability while we sacrifice the income at day-ahead market. The
regulation of upper layer grid operator can determine the value of confidence-level.

6 Validation of Markov Chain model using test bench
and scenarios in numerical environment

For August 27th, 2021, the proposed stochastic optimization problem and developed data-driven sce-
nario selection strategy are used to plan and exploit the underlying flexibilities. The last 30 days of
demanded real power and PV power production data are shown in Figure 18. Similar figures can be
plotted for other uncertain parameters.
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Figure 18: The actual data from the previous 30 days (each color presents data in one day with 10 minutes resolution).



We apply the proposed scenario selection strategy and the mentioned two benchmarks in Python using
the packages “sklearn”, “scipy”, and “quantecon”. The results of the first and second benchmarks with
K=3. We can choose a greater number of K and analyze the solution's sensitivity to this number. The
results are shown in Figures 19 and 20, respectively. Furthermore, the result of proposed strategy with

K=3 is shown in Figure 21.
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Figure 19: Generated scenarios using the first benchmark strategy.
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Figure 21: Generated scenarios using the proposed strategy.

By comparing the figures' results, it can be seen that the first benchmark's outcome is correlated to the
actual data from the previous 30 days. Because the patterns of electricity demand and PV power pro-
duction capability during the day are similar for different scenarios, the resulting cluster centres show
similar behaviour for uncertain parameters. Furthermore, the second benchmark's result includes three
quite identical scenarios in which the temporal correlation is neglected, resulting in scenarios that are
unlikely to be experienced in practice. The proposed scenario selection strategy in Figure 21, on the
other hand, leads to a more realistic perspective on the general behaviour of the uncertain parameters.
This is because the proposed scenario selection strategy solely utilize the data from the previous month
related to the forecast.

We can deduce the following from the figures:

The proposed scenario selection strategy generates a number of realistic scenarios, making the
result robust to the uncertainties. As a result, the objective is reduced as expected for the ad-
vantage of robustness against uncertainties.

The first benchmark considers operating scenarios that are similar. As a result, a significant
amount of reactive power flexibility has been miss-planned.

The second benchmark model is even more optimistic, and as a result, we wrongly assumed
we could consume less between 14:00 and 18:00.

Because the prices for upward and downward reactive power flexibilities are the same and the
price for producing/consuming reactive power is zero, the planned reactive power becomes so
volatile in Figures 19, 20, and 21.

Although the outputs of the proposed strategy and the first benchmark appear to be quite similar,
there is a significant difference in the objectives. This is due to the fact that the scenarios gen-
erated by the first benchmark have a high correlation with the data from the previous month.



7 Conclusion

In this report, the formulation of pre-scheduling and on-line optimization problems are presented that
can be used for flexibility provision by resources in distribution grids. The advantages of using distribu-
tionally robust optimization instead of stochastic programming for pre-scheduling problem have been
justified. In distribution grid, as the data for producing exact probability distribution functions of uncer-
tainties is not available and we can have only the boundary of uncertainties, distributionally robust opti-
mization is applicable. In addition, the solution of distributionally robust optimization is not so conserva-
tive. By tuning the parameter of confidence-level in distributionally robust optimization, we can compro-
mise between the optimality and robustness of the solution against uncertainties. The performance of
proposed formulation is evaluated using a numerical case study. One can see that by increasing the
confidence-level, a better performance can be obtained with regard to the deviation probability while the
income at day-ahead market will be sacrificed. By increasing the confidence-level, the amount of positive
active power flexibility is also reduced while the amount of negative active power flexibility is not changed
too much.

The case study of Markov chains compares the efficiency of the proposed scenario selection strategy
to conventional methods, i.e., those based on real-world data and ARIMA forecasting. The proposed
formulation's computational complexity is significantly reduced, while a number of robust constraints are
established. The final stochastic optimization problem is scalable and can be used in ADNs with a large
number of buses, which is an advantage of this method over using a large number of scenarios.

8 Appendix A

First, we write the uncertain parameters |V,,,,|:n € NTO, pPEM qOEM - pPrimax) (. RLE)  gng 1 &1
as follows:
b Vv
WVaewl = V™1 + {psys v € NTO), (92)
DEM DEM P,DEM
Pd(tw )=Pcl(t0 )+(c(ltw )VdED (93)
DEM DEM ,DEM
c(itw ) = Qéto b+ ((E?w ) ;Vd €D, (94)
Pro " = Py " + Gt Vi e (95)
RT,P RT,P
RTP) = 0 4 ¢FTP) yn e N(TO), (96)
RT RT
rEO = 0 4 (BT gy e NTO), (97)
where scenario 0 represents the forecasted magnitude of uncertain parameters and
v v v
(0 € [=49,¢D), (98)
P,DEM P,DEM P,DEM
c(ltw )€ - (dt ) (( )], (99)
((Q DEM) [— ((Q ,DEM) ((Q DEM)] (100)
dt >t ’
PV PV PV
{0 e [-¢8,¢), (101)
SC,P— SC,
Snter € [=R T RV, (102)

Cniw ) € [=R7, REET) (103)

ntw
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represent the forecast errors.

Second, the constraints (75)-(78) are included in the pre-scheduling problem just for the forecasted
scenario, i.e., w = 0, and values of [V$%®|:vn € NTO, pLEM qOEM - phriman) . (RLP — 0y, and

(RT Q)( 0)

ntO

Third, the maximum and minimum amounts of active and reactive power deviations are calculated as
below.

P SC,P P,DEM PV
D = DT R 4 Y EPE N g, (104)
neN(TC) deD i€l
P SC,p— P,DEM PV
(éet) = z R‘r(lf )+Z(( ) Z(( ), (105)
neN(T0) deD i€l
1(12:) z R(sc Q4) | z ((Q ‘DEM) (106)
neN(T0) deD
SC, ,DEM
égt) z R( Q) 4 z ((Q ) (107)
neN(T0) deD

Fourth, the maximum/minimum magnitudes of outputs of PVs, BESSs, and real-time active/reactive
power injection at connection points are estimated as below:

PPV = PV 4 (V) 4 o v e, (108)
P(PV) PLE}(;V) ((PV) (PVP ). Viel (109)
QT = Q) 4 a0 vi e, (110)
Q" = Qi =" ivie, (111)
PSS — pBES) | BESSPD), ys ¢ 5, (112)
PPES) = pRFSY — qFES ) ys € s, (113)
Q(BESS) QS(CB(;:"SS) ta (BESS Q4+, Vs ES, (114)
Q(BESS) 0 S(fOESS) _ agEss,Q—); Vs €S, (115)
PED = pEO) _ g TP, vy @ NCTO), (116)
BT = PEY 4+l vn € NTO), (117)
QT = Q8O — a{FT2"); v € NUTO), (118)

Q5" = Q57 + i vn e NTO, (119)



here a(PVP+) a(PVP ) a(PVQ+) a(PVQ ) a(BESSP+) a(BESSP ) (BESSQ+) (BESSQ ) (RTP+) c((RTP )

’ t ’ ’ ) nt ’
affiTWﬁ and a(RTQ ) are the part|C|pat|on factors of resources 1o compensate the uncertainties. Note

that the sum of these participation factors is equal to the maximum/minimum amounts of active/reactive
power deviations in the grid.

Z (PV.P+) +Z (BESSP+) | Z afTPH = (P gt e, (120)
i€l SES neN(T0)
(PV.P) | (BESS,P-) | (RTP ) (P )
S a4 Y a5 Y O vreT, (121)
i€l SES neN(T0)
Z (PV.0+) +Z (BESS.Q0+) | Z ®LeN — ¢@H. gyt e, (122)
i€l SES neNT0)
Z (PV.Q- )+Z (BESS.Q-) Z (R0 — 0@ yp e, (123)
i€l SES neN(0)

Fifth, the maximum and minimum deviation of active/reactive power injections at each node are esti-
mated as

P, = Pr(+) _ Z l(tPV P+ Z as(fEss,Pﬂ " Z ai{?ﬁT,Pﬂ .VneN, (124)
iE]In SES, n’eN(TC),nvzzn
Pp =P - Z VP _ Z a PSSP Z a8 vneN, (125)
iE]In SES, n’eN(TC),nvzzn
= + PV,Q+ BESS,Q+ RT,Q+
nt = f()_z L(t Q%) _ Zas(t oY 4 Z aﬁvto);VnEN, (126)
iE]In SES, n’eN(TC)_n'zzn
- PV,Q- BESS,Q— RT,Q-
Que = t”—za}t Q)—Zas(t )y Z &2 yn € N, (127)
i€ly SESp n'eNTOn'==n

Sixth, the maximum and minimum values of voltages, currents, and SOC of BESSs are estimated as
follows:

Ve = Vo + Z 4 Z KD Py + Z K'? Qu;Vn ENVELET, (128)
neNT0) n'eN n'eN
Ve = Voo + Z Q- Z KD Poe Z KD Qs ¥n € NVELET, (129)
neNT0) n'eN n'eN
I =1 ++ZKUP)P_+ZK(1Q) On;Vn EN,VR'EN,Vt €T (130)
nnt ~ ‘nnto nnn" Nt nnn" ¥nt ’ ’ ’
n'eN n'eN
SOCq;,, = SOCgp0 + z a5 ys €, (131)
t'st
S0C,1, = $0Cuo = Y @ vs € s, (132)

t'st
Finally, the following chance constraint is added for limiting the deviation of active/reactive power of
connection points with respect to the commands of upper layer grid system operator.
Prob( Z al) < 8) <1-e;Vt € T,Vf € {P+P—Q+Q ), (133)
neNto)
where § is a small constant and 1 — e is the confidence-level.
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9 Appendix B

By using the Chebyshev inequality theorem, the constraint (133) can be replaced by the following one.

0 < CIN2.8 (134)

"D i1 -e).0l)

ne net

vt € T,Vf € {P+,P—,Q+,Q -},

nen{ro)
where, ®71(1 — e) is the inverse of cumulative Gaussian function, and 0,5’2 is calculated as follows:

2

O—‘rg.i ) R(SC,P+) 2 (P,DEM) 2 (PV) (135)
_ Z ( nt ) n Z dt i Z 20t
_ (SC,P) _ (P,DEM) _ V)
neN@o ? 1(1 - en ) deD @ 1(1 - Gn ) deD @ 1(1 - en )
a ( R ) RSN o\ (199)
nt —_ it
= —n | + + —
z _ (SC,P) z _ (P,DEM) Z _ PV)
nenN(T0 @ 1(1 - Hn ) deD @ 1(1 - Hn ) debD @ 1(1 - Hn )
R0 2 (Q.DEM)
@+ nt dt
o = Z<f——ﬁma+z . o | - (137)
neNTo @ 1(1 - Hn ) deD @ 1(1 - Hn )
_ 2 (Q.DEM)
e | Y (Y [ -
net _ (SC,Q) _ (Q.DEM) ’
neNTo @ 1(1 - Hn ) deD @ 1(1 - Hn )

However, while constraints (135)-(135) can be integrated in a SOCP problem, constraint (134) is non-
convex. For convexifying that, we estimate the right-hand side of (134) as below:

(139)

(G2 8 " *
net " ~ _ -1 _ . _ _
T PTR—C @D — 11 -e).c)).6+8;Vf € (P+,P— Q+,Q —}.

net net
The accuracy of this approximation is high for value of e close to zero.
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